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CAC KY HIEU DA SU SUNG
Bié€n dang dai theo cdc phuong x, y va z
Do cong clia tim theo phuong truc x va truc'y.
Ung sudt cdt trén cdc mit c6 véctd phdp tuyén 12 x, y v z va ¢6 chiéu tring
vdi phuong y, z va x
Ung sud't phdp tuyén theo truc x, y v z

Bié€n dang trugt clia tim

Hé s6 Poisson ctia vatliéu l[am tAm

Do cong clia tAim

Ung suat cit

Thé niing

Do xoin clia tAim

Cong ngoai luc

Chiéu dai cdc canh theo phuong x, y clia tAim

Do cling udn clia tAim

M5 dun dan hoi

Dién tich ti€t dién

Modun dan hoi trugt

Bé day tim

Momen trén mdi don vi chiéu dai, mémen téng

Momen udn trén mdi don vi chiéu dai theo truc x, y trong mit phing Oxy
Mbémen xoin trén mdi don vi chiéu dai trong mit phing Oxz

Luc trudt trén mdi don vi chiéu dai trén mit phing x va c6 chiéu triing véi truc y
Luyc tap trung

T4i trong mit tic dung 1én mit phing Oxy

Hé s& chudi tdi trong

Luc cit trén mdi don vi chiéu dai trén mit phing Oxy
Céc ban kinh cong clia tAim trong mit phing Oxz va Oyz
Ning lugng bi€n dang

Chuyén vi clia tAim theo phuong x, y

Do vong clia tAim theo phuong z

Tén hé truc toa do



1. TAM CHIU UON:
1.1.  Cdc khai niém va gia thiét:

1.1.1. Kh4i niém tim:

e Tam la vat thé ling tru hodc hinh tru c6 chiéu cao 4 nhd hon rat nhiéu so véi kich
thuGc ciia 2 phuong con lai.

Mt phing ciach déu 2 mit bén trén va dudi clia tAim dugc goi 14 mit trung binh cla
tAm. Khi chiu uén mit trung binh ciia tim bi cong di.

Giao tuyén clia mit trung binh va cdc mit bién canh tdm dugc goi 12 canh bién clia
tAm (hay chu vi tim).

D€ tién nghién citu va khio sit: thudng 0
chon hé truc toa d6 Oxyz nhu hinh v€, thudng p T T T T =
mit phing OXy nim trong mit trung binh tim. o
Truc z huéng xudng, vi tri cda goc toa do O sé& D I
dugc chon tiy thudc vao hinh dang chu vi tim va Y~ 1z
cdc dac trung lién k€t clia bién tdm sao cho cho h: chi€u day tAm
phil hop trong cdc bai todn cu thé.

e TAm dudc st dung rong rdi trong xay dung: cdc tAm san, panel, tAim lgp nha cong
nghiép, ...

e Phan 16n tAm ding trong x4y dung tim mdng (tim theo gia thi€t Kirchhoff).

+ TAm dudc goi la tAm mdéng néu: % < % < % (trong dé: b 1a kich thuéc nhd nhat clia

mit trung binh) va do vong w,, < % (ciing c6 thé st dung 1y thuy&t tim mdng véi % = %)

+ Trudng hgp tAm c6 % > % (hoic > %) thi ta ¢6 tAim day.

P PR ho o s o
+ Néu tdm c6 do vong w,,, > 1 thi can tinh theo ly thuyét tam c6 dd vong 16n hay

tAm mém (hay 1y thuy&t mang).

1.1.2. Caic gia thi€t khi tinh todn tAm:

TaAm mdng dugc tinh todn ¢ng dung theo 1y thuy&t tAim chiu udn sau day va dva trén
céc gid thi€t sau (con dugc goi 12 gid thi€t Kirchhoff).

1) Gia thi&t vé& cdc doan thing phdp tuyén: cidc doan thing vudng géc v4i mit trung

binh clia tim s& con thing va vudng géc v6i mit trung binh khi chiu udn va do dai
ctia chiing 12 khong ddi.

+ Tir gia thi€t nay dé thdy riing cdc géc vudng tao bdi cdc phin tir thing vuodng géc
véi mit trung binh (va ¢6 phuong doc truc z) véi céc truc x, y vin con la géc vudng trong qud
trinh bi€n dang, nhu vy khong cé su trudt trong cdc mit phing doé.
7. =0
Ve =0

+ Vi dd dai clia cdc doan thing vudng géc nay khong thay d6i nén dé thdy ring bién
dang dai theo phudng z 1a bing 0.

Hay: ¢, =0 (1.2)

Hay: (1.1)



2) Gid thi€t vé mit trung binh: tai mit trung binh tAm khong hé c6 bi€n dang kéo,
nén hay trugt. Khi bi udn mit trung binh 12 mit trung hoa. Tir d6 dé thay trén mit
trung binh, c4c chuyén vi:

uy=v,=0 hay (uzzo)=(vz:0)=o (1.3)

3) Gia thiét vé su tuong tic giita cdc 16p clia tAm: sy tuong tic giita cdc 16p song song

v6i mit trung binh c¢6 thé bd qua. Tc 1a ¢ng sudt phap o.c6 thé bd qua (vila nhd

sovéi o, va o,)

1.2.  Chuyén vi va bién dang trong tim (Kinematical Relationships):
Ching ta s& nghién ctfu tim chiu tdi trong ngang, tic tdi trong vudng géc véi mit

trung binh ctia tim. P& x4c dinh bi€n dang va chuyén vi ta s& dua vao cic gid thit & 1.1.2:

e Theo gid thi€t @, vi &, =0 nén theo cong thitc Cauchy: ¢, = Z—W =0 = 46 vong w
4

cda tAm khong phu thudc vao z hay: w= w(x,y). Diéu ndy c6 nghia 13 tit cd cdc di€ém nim

trén cling doan thing vudng géc mit trung binh tAm s& c6 cuing dd vong.

y . < .=0
e Ciing tir gid thiét O, tr di€u kién vé bi€n dang trugt {}/y 0’ st dung cong thic
}/XZ =
Cauchy:
ov  ow ou ow
AT & o
ta dudgc:
ow Ou 0 o ow
Ve = a + g - Oz ay

Béng céch tich phén, biéu thitc vira nhan dugc theo z, ta co:
ow
u=—z—-+fi(x,y)
ox
ow (2)
v=—z—0+ f,(x,
o fo(xy)

Cic ham f(x,y) va f,(x,y) dugc xdc dinh bing cdch si dung gid thi€t @ vé tinh
khong bi€n dang kéo, nén clia mit trung binh.
Theo gia thi€t nay cdc chuyén vi u, va v, clia cdc di€m trén mit trung binh 14 biing 0
A {uO =u |z=0:](1(x’y)20
nén:
Vo = v|Z:o=f2(x,y)= 0

ow

Uu=-z—

A s . . ox
Viy tém lai, theo (a) ta c6: 5 (1.4)

y=—2

y

Diéu nay c6 nghia la cdc chuyén vi thanh phan ciia tim déu biu dién dugc qua ham
d6 vong w cia mat trung binh.

e Cic thanh phin bi€n dang khic dugc tim thiy bing cdch sit dung cong thiic
Cauchy:



Ou 82
E = — iy S
T ax 8x
2
8},:@2—26—‘:} (1.5)
oy oy
au av 0%w
7/xy X
8y 6x oxoy

> Nhu vy 12 cling nhu 13 cdc chuyén vi thanh phan, cdc thanh phin bi€n dang ciing
dugc bi€u dién qua ham do vong w.

1.3.  Ung suat va ndi luc trong tAim (Material law):

e D€ tim ng suit, ta st dung cong thitc dinh luat Hooke (dang ngudc) vé6i chd ¥ ring
o.=0.DE& dang c6 dugc bing cdch st dung (1.5):

E E [(&*w 0w
o, = 2(€X+ng):_ 2Z 2 +v 2
1-v 1-v Ox Oy
E E o*w  0%w
o, =12 (5y +vgx):—1_v2 Z(@yz +V8x2J (1.6)
. __E __E Zazw
» T 20v)” ™ T 1y axy

e V6i 7, va 7., néu theo dinh ludt Hooke va cong thiic (1.1) thi s& biang 0. Tuy

*A N N N x Zo2 N *A N b N N N N 2 RN
nhi€n di€u nay méu thuan vdi di€u ki€n cin bang va thyc ra thi 7, va 7_, la khdc 0. D€ tim

chiing, ta st dung di€u kién cin bing:

oo .
%y x, =0(=123)
Ox;
T phuong trinh vi phin cin bing thd nhit, bd qua lyc khoi, ta thay:
or oo, 07,

XZ

oz ox oy
Thay o, va z,, trong (1.6) va ta c6:
ot E o’w o*w E 0w
= szl —5 +V = |+ z 5
oz 1l-v Ox oxoy 1+v Oxoy
E & (sz azwj _E 0

= — + —V?
12 x| o | o2 o

1P ax
Tich phan theo bié’n z, ta ¢6:

W—V w+f1xy)

Ham fl(x,y) dugc xdc dinh tir diéu kién mit trén va mit dudi tAim khong c6 ng suit
ti€p (vi khong c6 tdi song song bé miit tim), tifc Ia:

12
7., z:ig —038(1—1/2)—V2W+J[1(X,y)=0
2
Suy ra: f;(x,y) Eh”_ 0 g2



E (h® 0
Vay O [T—Zz]avzw
, (1.7)
Tuong ty véiz,: 7 =— £ h——zz iVzw
” 20-v2 )\ 4 oy

e Su phin bd theo bé day /4 clia cdc thanh phin ng suit vira tim c6 thé thdy qua hinh
v€ bén:

/N x

T vz (e) T X

Y/

e Ciing biing cdch khdo sdt phuong trinh vi phin cAn bing thi 3, dua vao cic diéu
kién bién trén va du6i cla tAm, ngudi ta viét duge biéu thic tinh o, va thiy 16 ring o, c6
cling biac v6i cudng do tii trong phadn bd mit trén va dudi va 1a khong didng k& so véi
o.vao,

Cu thé:

q,(xy)
z

e Ciing tuong ty trong sitc bén, hgp lyc clia cdc Gng sudt phan bd theo bé day tim
trén 1 don vi dai dugc goi 12 cdc thanh phin Gng luc (ndi luc) clia tim hay thudng goi 13 nodi

luc tAm:
A _E (d*w . 90w\t 3 B
N, _J_%Gx.l.dz——l_vz Tt j_%zdz_o (dF =1.dx)

Tuong ty ta cling ¢c6: N, =0

Goi M, 1a mdmen udn trén 1 don vi dai mit cit c6 phdp tuyén Ia truc x:

A E (0*w  0*w\s ,
M. =J:%ax.z.dF=— +v e J:%z dz

1-v2 | ox®
2 2
M, =-p| 21,0V
| ox Oy
ER®

trong d6: D = 1.8
g 120-17) (1.8)

dudc goi 1a do cirng tru cda vi n6 13 dic trung vé vat liéu va hinh hoc clia tAm chiu udn.



Ciing trén mit cit c6 phdp tuy€n x con ¢6 luc cit Oy

o E o (R ). 0
QX_J:%rxzdF_—Zl_VZ pd WL% o =D V7w

Ox
Lutc trugt (Iue ti€p) Ny, (12 tdng hinh chi€u lén phuong y clia cdc tng suat 7, )
% E azw hz
N_ ="t dF =————|"° 2zdz=0
AL vt
Momen xodn My, (do z,,) trén mat citnay:
h 2
M, =j4 ¢ zdF =-D(1—v) 2
vy 0Ox0y

e Tuong ty, trén mit cit c6 phap tuyé&n 12 truc y, ta ¢6 cdc thanh phin noi luc phan bd
trén 1 don vi dai:

2 2
Momen uén: M =-D 8_v2v+V6 VZV
’ oy ox

Luc cit: O, = —Daiv?w
y

2
o“w M,
Ox0y ¥

Momen xodn: M, =-D(1-v)

e Viy ta di tim dugc cdc thanh
phin ndi lvc clia tAm khi chiu luc ngang. Mxy
Hinh vé bén bi€u dién céc gid tri dudng
ctia ndi lyc thanh phan.

My

\\

e Ngoai ra, nhu da biét: khi bi€n dang va chuyén vi 1a nhd c6 thé xem dao ham bic
hai ciia ham d6 vong w 1a cdc do cong clia mit vong.
Vé6i hé truc nhu hinh vé thi:

w1 . w1
——=—=K, va —— =— =Kk,
ox° 1, o o,
a2 o’w 1
va do xoan: — =—=kK,

oxoy :

xy

N z 2 A 2 R R X z A
Tu @6, cic mdémen cé thé duge bi€u dién qua cidc d cong nhu sau:

M. :D(%+V’%]=D(1{X +wcy)

M, =D(1-v) 2 =D(A-v)x,

xy
xy

Hay & dang ma trin:



M, 1 v O % K, 1 1 v 0

M,:=Dlv 1 0 }/ =9k, (=—|-v 1 0
r, : Eh

M,, 0 0 1-v }/ K, 0 0 1-v
Ty

Céc phuong trinh trén 12 cdc phuong trinh vat ly clia tim. N6 cho bi€t mdi lién hé

gitta noi luc va bi€n dang clia mit trung binh.

Tém lai: T cdc phuong trinh bi€n dang (kinematical) va cdc phuong trinh ng xi vat
liéu (dinh luat Hooke) ta c6 cdc phuong trinh biéu dién mdi quan hé giita ndi luc va bién

dang mit trung binh nhu sau:

o%w 0w
M. =-D >tV
ox oy
o%w 0%w
My:—D[a StV 2)
y ox
2
M, =M, =D}
: : Ox0y
0 o2
=-D—V*°w
0, o
0 o2
=-D—V*w

K&t hop (1.6) va (1.7) ta c6 cac biéu thifc tinh ¢ng sui't qua noi luc:

(7——M" Z_MXZ
RS T
e
M, M
A
12
M‘C M‘C
T)x:TX}_hg_yZZ IyZ
12

2
TYZZEQ" 1—4(£j
2 h

h
9 H(zj
h h

Ciing c6 thé thiy ring, tuong tu trong dim chiu udn, Gng suit ti€p ¢

Al
|
N | w

o

o, =

xz!

(1.9)

z,. bi€n thién

theo luat bac hai va 1a nhd so v6i tng sudt 7. Ngoai ra, tng sudt dat gid tri 16n nhat tai mat

trung binh:

» 30
R v

(TXZ )max =

N | W
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1.4. Phuong trinh vi phan chu dao cua tdm chiu uén:

e O trén ta da thdy riing: tat cd cdc thanh phin ¢ng suit hay ndi luc, bi€n dang cia
tAm déu dudc bi€u dién qua ham d6 vong w(x,y) clia mit trung binh. Do vay trudc hét va ddu
tién 13 can tim dugc ham do vong w(x,y).

e Khio sdt sy can biing clia 1 phan td mit trung binh c6 kich thudc: dxdy. Pit cic luc
1én phin t6 (gdm cd ngoai Ivc va nodi luc) nhu hinh vé:

9,
Qx Myx
My My
x/
v L oM
Mxy Ve ’M<+ E» dx
dx | X
‘ ip,
R R V- n S
y ﬁ Myx+ @} dy M +6Mxyd
a ‘ b )
/ M +—ydy e X
e 0,+%:4
j g, 2
e Y oy
+ Tl phuong trinh cin biing (chi€u 1&én phuong truc z). Ta cé:
o 20,
&dxdy + &dxdy + p.dxdy =0
ox oy
0
Hay:a&Jr&vaZ:O (a)
ox oy

+ Tt phuong trinh mémen véi truc y, bd qua cdc dai lugng vo cling bé bic cao, ta ¢

oM
M, dxdy + 5 2 dxdy — Q. dxdy =0
Y

ox
oM. oM
Hay: S b
Y T 0. (b)
+ TU phuong trinh mémen vdi truc x, tuong ty ta cé:
oM, oM, 0 ©
+ =0, c
ox oy !

Thay (b) , (c) vao (a); loai bd luc cit ta nhan dugc:
M, O°M, M,
> +2 +———=-p.
ox Ox0y oy
Thay céc biéu thiic tinh M. ,Mxy,
o'w otw o'w 0w otw
- D{ (L-v) =-p.

M , theo ham d§ vong w(x,y) tit (1.9) vao ta c6:

0 +V8x26y2 +2(1-v)

4 4 4
Hay:Dazv+2 82w2+62v =p.
ox ox“oy® Oy
Hay: DV*w=p.
Hay V“w:p—Dz (1.10)
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» Phuong trinh (1.10) 1a phuong trinh vi phdn ctia mat trung binh khi vong. N6 con
dudc goi la phuong trinh vi phan tAim chiu uén (Phuong trinh Cofy German).
Phuong trinh (1.10) c6 dang vi phan cip 4. N6 1a phuong trinh vi phan chi dao clia bai
to4an tAm méng chiu uén va biéu dién theo haim dd vong w clia mit trung binh.
e Doi liic phuong trinh vi phan nay dugc bi€u dién & dang vi phan cip 2 bing cich
dua ra ham momen M (moment function) hay con goi 12 hAm mémen tf;ng (moment sum):
M +M, o’w  0%w
= =- -
1+v ( ox? oy’

j:—DV2w

Khi d6 cdc luc cit sé la:
oM

. oM
= va =
Qx ax Q y

D
Va cudi cing dé dang nhan thiy ring phuong trinh vi phan cip 4 dugc thay thé€ bing
2 phuong trinh vi phan cdp 2:

o’M o*M
VM ==——+——=-p.
ox Oy
. (1.11)
2 5 w 5 w M
Viw=s—+—=-——
Ox oy D
1.5. Caéc diéu kién bién trén chu vi tim:
Tuy thudc vao diéu kién lién k&t & mép tAm ma 0 bitn tira u
trong thuc t&€ ta thudng gip cdc diu kién bién sau: =t s
o 5
: -
3 . |8
8 bién nam trén dam |°

1) Canh bién ngam: (fixed or clamped or built in edge) (x=0): khi d6 lién két ngin
cdn moi chuyén dich thing va xoay trong mit phing xz, tifc 1a:

w=0
Taix=0can co: < w 0 (1.12)
ox

2) Bién tua c6 dinh: (simple support, hinge pinted) (y=0): Trén canh nay sé& khong c6
chuy€n vi ditng va mdmen uén M, .

w=0
Hay taiy = 0 ¢6: 2 2 1.13
ytaty M)Z_Davzv+vﬁv2v:0 ( )
’ oy Ox
w=0
Hay taiy = 0c6: { 6%w o%w 0 (1.14a)
1 % =
oy® ox’®
w=0
Hay do bing kho taiy =0) c6: 2 1.14b
ay d6 cong bang khong, (tai y =0) ¢6 y :i:o:a W ( )
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3) Bién tu do: (canh x = a): Rd rang trén canh bién ty do, cic mémen udn, lyc cit,
momen xodn (M,, Q,, M,,) cin la bing 0. Tuy nhién vi phuong trinh vi phan dao
ham riéng cla bai todn 1 cAp 4 nén trén mdi canh chi ¢6 2 di€u kién bién can co.
Do d6 cin tim nhitng di€u kién bién phii hdp va thong nhat véi 3 diéu kién néu
trén. Pic¢u nay lam dugc néu cdc yéu cau vé mdmen xodn va lyc cit trén bién la
bing 0 dugc thay thé bdi mot diéu kién tuong duong nhu dugi day.

Qua hinh V&, ta thay momen xodn M,, phan bd trén doan dy bing cip luc ngudc chiéu

M. dy ; A s
~— v6i cdch tay don dy, va trén cdc doan thang c6 chi€u dai dy khdc cling tuong tu va do

dy
d6, tir hinh vé dé thay riing trén canh x=a, c¢6 luc phan bd thing ditng tic dung vdi cudng dd

bing M, .
0
g \
M, dy (M, +dM,,)dy
QQQQ |
Lody | |
| | M, -
T (R R

T g )

N . z R A N R Ao 3 *A z 2 A 2 .z .
Con lai cdc diém dau va di€ém cudi cua bién ¢ cdc luc tdp trung cb gid tri M,, (a,0)
va M, (a,b).

~ cung tic

Va nhu vdy ta xem ring trén canh x=a c6 luc cdt O, va luc phan bd

dung va hop lyc clia chiing goi 1a luc quy ddi Kirchhoff.
qu _ Q + aMxy

St dung cdc cdng thic tinh ndi luc da ¢d, ta nhan dugc:

oM 2 2
0 =0, + =2 =L S 1 2-v)2]
’ SOy y

ox| ox?
om 5T a7 S (1.15)
0 =0, +—"=-D—|——+(2-v)
’ Y ox oy| oy’ ox’?
Va do @6 diéu kién bién trén canh ty do x=a la:
2 2
8_w+ a =0
M, = 0 PR
d (1.16)
0! =0 o*w O*w

i (2—v -
o’ +( )6x8y2

Viéc thay tuong duong mdmen xoidn va luc cit bing lvc quy ddi tudng duong tinh theo
nguyén Iy Saint Venant chi 4nh huéng d€n dng sudt cuc bo.
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4) Canh bién nam trén ddm: (y = b) khi @6 phai xem nhu canh nim trén gdi dan hdi
va ngam dan hdi. Lic d6, cdc luc quy ddi Kirchhoff (Q;’d) va cdc mémen udn

(M,) xu&t hién trén bién tdm 12 phdn luc do dim tdc dung 1én tAm va ngugc lai
dam ciing chiu cdc dp luc (nhu t3i trong) tif tAm truyén xudng qua cic lyc phan bd
va mdmen xoin phian bd trén dim. Tir sy dong thdi bi€n dang cla bién tAm va
dam, st dung céc phuong trinh vi phan dim nhu da biét, ta c6:

o*w 0| 0°w 0*w
-E.J, | — =—D—| —+(2-v)—
dv d ( ax4 Jy |:ay2 ( V) ax2 :|

b oy
2 2 2
G| S| =pv S
Ox \ Oxoy b ox~ Oy
1.6. Tam ELIP:
| 2a

Xét bai todn c6 hinh dang elip (nhu hinh v&) chiu tai |

trong phan bd déu ¢ va ngdm trén bién. Phuong trinh bién tim ? N%
c6 dang: 2 %}\ i‘@&@ﬁ X
Y
(

= (1.17)

y=b

x* )P ow
—+=—-1=0va —=0 a
a’>  b? on @) ¢

Ta tim ham d§ vong w trong dang:

52 2 2
w=C[—2+%—1j b)

a
trong dé: C 12 hiing s6.
P& x4c dinh C, ta duwa w vao phuong trinh vi phan chd dao cta tAm (1.10):
24C+ 8C +24C_i

2
at a’b*  b* D

(©)

C = q
Suyra: C= D[24+16+24j
a@ a’b® b
R6 rang ham do vong w nhu trong cong thic b) 1a théa man dicu kién ngam trén bién.
Vi tai moi di€m trén bién, hAm w déu cho gid tri w=0.

2 2
Va vi: 8w: 4Cx(x_+y__ j

o |\ b
ow _ACy(x
oy b* \a® B

déu cho gid tri O trén bién, théa min diéu kién géc xoay trén bién biing 0.
Viy ham do vong clia tim ma vira thda min phuong trinh vi phian chd dao ciia tim,

vira thda man di€u kién bién 1a:

- 7_{_7
a®  a’h* b

Do vong 16n nhat tai tAim tAm 1a:

q N
WS4 16 24 (_”?_]
o v
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q
Wiax = =C
D(24 16 24)

+ + =
a®  a*h* b

Céc thanh phan ndi luc dudce xdc dinh theo cdng thiic (1.9) nhu sau:

1(3x* »? v (x* 3y°
Mx=—4CD|:?(7+b—2—1J+?[?+b—2—l

1(x* 3y? v (3x* )
My=—4CD|:b—2[?+b—2—1]+?[?+b—2—

8CD
MXy :Myx = a’b? (1_V)xy
8CD
0 =- ap (a2 +3b2)x
8CD
0, =- 7 (3a2 +b2)y

e Vi duy hinh dudi day 13 biéu dd momen va luc cit trén 2 truc doi xitng tAm vdi ty 1&

%:1,5 va hé s poison v =0,3

| 2a |
| - (o ()
E——
(@) X 67D D¢
2b — w87 1027 1
I B ®
N 542 1802 93D
Vy a a a
% 1 \
o W —
cD
802 v @
a e
b 10252
214_2 T Ha @
a ®
cD
a2 LIE
p ]
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e V4i tAm tron (cho a=b): dé
thdy ring do vong 16n nhit tai tAm
tAm (x=0 va y=0):

q
Wy = ——
" 64D o X
Do tinh chit ddi xitng tAm cla o
bai todn, ngudi ta thuGng dung M, va
M thay vi M, va M,, trong do:
+ M, 12 momen udn
trén mit cit vudng géc véi ban kinh.
+ M. 1a momen udn y
trén mit cit tring v4i ban kinh. 2
q
Z N
o P —
2
e , qa =0,081¢a’
?20,1256151 W My =M,
0,081ga’
0,038 qaz 7 an MyEMe
1.7. Tam chit nhat bién tya véi nghiém Navier:
1.7.1. Co s ly thuyét:
Xét 1 tim chit nhit ¢6 cdc canh 1 g6i ¢8 dinh nhw hinh @ ___ biénwa @ ~
va tim chiu tdi trong phan bd p(x,y). l l
| |
| |
y

Do céc canh 12 g6i tua cdc di€u kién cAn ban dau la:

ox?

Gyz

w=0

Taix=0vax=a: {0°w

1%

oy®
w=0
Taiy=0vay=b: {52y,

0w

0w

v
2
ox

=0

=0

Ngoaira, hAm do vong w(x,y) phdi thda man phuong trinh vi phan tAm (1.10):

0w 0w o*w

+2

+
ox? ox’oy® oy’

= pl(x,»)

(a)

DPé€ thdéa min phuong trinh vi phan tAm (1.10) va cdc diéu kién bién (a), ngudi ta tim

ham dd vong trong dang chudi Fourier kép:

ZZAW sin 2%

m=1 n=1

nr
sm—y

b

()
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trong dé: Apun 12 hé sO clia chudi
mmnel” (m,n=1,2,3,...) ,

e RO rang dé nhan thdy ring ham do vong (c) thda min cdc di€u kién bién (a).
+ That vy, vi du trén bi€n x = a:

w(x,y)= ZZAW sin m;rsmTﬂy =0

m=1 n=1
—ii/l[m—”j sin 2% sin 22

b
+ Ngoai ra, vi: ! “ (d)
—W—— Am(ﬂJ sm—sm ny
6 m=1 n=1 b
82—W(a )——iiA (ﬂjzsinmnsinm—o
A axz 1y m=1 n=1 " a b 62 82
e o*w O~ nr nry - y—H/W )
—(a,y)=- A4, | — | sinmzsin——=0 e
8y2 ( y) ;; mn( b j b
e DPua ham dd vong w(x,y) dang (c) vio phuong trinh vi phan tim V*w= p, ta c6:
o o 2 2 2
Dr' YD A,,| Tt | SinTsin TR = plx,y) (e)
m=1 n=1 a b a b

b€ xdc dinh cdc hé s6 A, ta ti€n hanh khai tri€n ham tdi trong p(x,y) theo dang

chudi Fourier kép theo sin, ta co:

N . M . n
m=1 n=1 a b
trong do: Do 12 hé s0 chudi tai trong.
=— X, sm—sm—dxd
P f I ») p Py (2)

Pua (f) vao phuong trinh (e), ta nhan dugc:

2 2 2
D7r4A ( + J =p..
a’

b2
St dung ca (g), ta ¢6 cong thirc xac dinh A4,,,:
A = 4 T oy sm—sdexdy (h)

2 2
Dr ab(m + ZJ
a b

Vay ham dd vong dang (c) v6i cdc hé so clia chudi dugc xdc dinh theo (h) vira thda
man phuong trinh vi phan tAim va cd cdc di€u kién bién tim nén 12 nghiém cla bai todn.

1.7.2. Mot s& truong hgp tii trong cu thé:
1) Téi trong phin bd déu p: p(x,y)= p, = const

e s
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Khi dé: A, = 41"; — ;s L dy
D7z4ab{mz+zzj
a
~ 16 p, m=1,35
" 2 2V \n=135
Drx°mn ?+b7

~ 2 & m=135,...
Vay w(xy)=35 82 2 —* b ( )

n=13,5,..

16 pya’ & & T+V? . MIX . NIy
M,==——%>—4 ~sin——=sin
7 m n ]’}12 nZ a b
mn| —+—
a b
VWZZ+I/Z2
16p,a’ & & @ b mEx . nry
M, ==" ;z - 7 Sin—=—=sin=
mn +
(az sz
A X a a
D0 vongotamtim | x=—;y=—
S
16p, & (-1)2 102 - & I
—_ pO - po -
Wmax_Dﬂ_e ;Zn: I 2= eEhs( )'anzn:—m 0 2
mn| —+— mn
(“2 sz [az sz

Chudi nay hdi tu nhanh va chi can 14y s6 hang diu ciing cho k&t qua di chinh xdc
That vay, vi du trudng hdp tAm vuong canh a, v6i v=0.3, n€u chi 14y s6 hang dau (m=n=1)
4
W po

4
- _0,004162%" _g 0454 L%
D

(sai sd 2,5%)
Dr®

Tuy nhién, d6i véi nodi luc, do phép 14y dao ham, chudi hoi tu chim hon nhiéu va phai
14y nhiéu s6 hang hon.

DE tién tinh todn thyc hanh, ngudi ta thudng 1ap béng sdn theo cdch nhu sau

4
+ Tinh: Winax a? °a3
Eh
192 o 2 (1) 2
véi: a= ( )ZZ ( 1) i

2 2
n , a
mn(m +n sz
va «a chi phu thudc vao ti s6 giita 2 canh %

+ Ciing tuong tu nhu vdy, ngudi ta ciing 14p bdng tinh momen udn 16n nhat tai

tim bang trong dang:
maxMx = ﬂxpoaz
max My = ﬂypoaz
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trong d6: f3,, 3, 1a cdc hé s6 chi phu thudc vao ti s6 %

+ Cdc lyc cit Q,,0, ciing vay:

MIX . NIy
COS——SIN——

16190 ZZ a b
)

m n

. MIX ATy
SIn——C0S——

16pb &
0 =123y (abz b]
mnm

2 2
m 724‘11
a

va luc cdt 16n nhat tai cac di€m giita cdc canh bién tAm.
2) T4m chiu lyc tip trung dit tdi di€m (x,,y,):

Bing cdch thay lyc tdp trung P o P
N e A L% a
bang lyc phdn bd trong pham vi chif nhit ~ X
c6 dién tich A A, lyc phin bd6 nay co W/ . Ax/Ay
P .
cudng do: p =——- thi dé dang tinh dugc
By e
hé s& phan bo tai trong nhu sau: Y
j J”°+7 (x,y)si M%) axdy = Psin 270 gjn 2200
a b a
St dung cong thic (h), ta c6 cong thic tinh hé s& chudi nhu sau:
4P . MITX, . NTY,
= T zsin——sin—
Dﬁ4ab["g+'gj
a b

MaXy o N7V

Va ham d6 vong: w(x, a b sin sin
g ( y D7Z' abzz Lmz 2]2 a b
+

m=1n=1 n
bZ
» Chudi nay hoi tu chAm va cdc chudi momen, luc cit con hdi tu chAm hon nita nén
v4i bai todn nay chi diing d€ tinh do vong.

N 2

1.8. Tam chit nhat bién tya chiu tdi phan bo déu véi 10i gidi Levy:

Lévy duwa ra 15i gidi ctia bai todn ndy bing | |
cach chon w c6 dang:
w=w, +w, (a)

Q

NS | IS

trong d6: w, dugc xem la phuong trinh d6 vong cia 1 dai song song chiu tai
trong phan b& déu va c6 dang:

§4 3, 3
w, =$(x4 —2ax’+a x) (b)



19

R0 rang w, thda man phudng trinh vi phan tdm (1.10):
. O'w o'w 84w _ P
Viw=—+2— = (©)
Ox ox*0y* 8y D
va diéu kién bién tai 2 canh tya d6i dién nhau: x=0va x=a
e Con w, cAn chon sao cho thda madn phuong trinh thuin nhit clia (c), tdc 1a:
4 4 4
v“w:affu 62W2+aff=o (d)
Ox ox“oy° Oy

Va w=w, +w, théa man tat ci diéu kién bién ctia tdm.

Lévy dua ra dang chudi sau doi véi w, (va vi tinh d6i xdngnénm=1, 3,5 ..)
- mx
Z Y, (v)sin—— (e)
3. a
trong Y, () chila ham riéng ctia bién y
2
N 5 ~ [N N C A w . CA Ao
R6 rang w=w, +w, thoa man di€u kién bi€n w= 0&6_2 =0 tai 2 canh bién d6i
x

diénnhaula x=0va x=a.

0 2_2 4 _4
Thay w, vao (d), ta dudc: Z(YM’V 0Ty B2 ijsin MY _ g
m=1 a a

Va dé théa man moi gid tri clia x, ta c6:
m°n’ m'r*

Y -2 Y+ Y =0 (f)
a a
Nghiém t8ng quét cia (f) dudc cho trong dang:
4
Y, = M(Am cosh 222 +B, M sinh 272 4 C,, sinh o +D, "7 cosh Wzyj (g)
D a a a a a a

Vi bai todn doi xitng qua truc x nén trong (g) chi giit lai cAc ham chin clia y hay suy ra
Cc,=D,=0

e Viy ham do vong w s€ la:

w=w, +w, =
4 o
= Lo (x4 —2ax® +a3x)+—pa (Am cosh %Y +B, MY Sinh m”yjsin mrx (h)
24D D —= a a a a
e RG rang w dang (h) di thda min phuong trinh vi phdn tAim V'w= pgc) va thda

man diéu kién bién 2 bién tya d6i dién nhau x =0 va x = a.
Céc hiing sd tich phin 4,, & B,, dugc xdc dinh sao cho thda man diéu kién bién trén 2
bién con lai 1a bién y = i%

Mudn vay, truée hét cin khai tri€n w, = Po (x4 —2ax® +a3x) thanh chudi lugng gidc:

o0

w (x)= wsinM
,(xX)=>w,

m=1 a

trong dé6: w, =g'|.:wp (x)sin MY = ZJ { Po ( *—2ax® +a3x)}sin M dx
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W —
P 24D
Va khi dé w c6 dang:

4 0
w= P Z ( 54 =+ 4, cosh mry +B, 7Y sinh mﬂstin i (1)
D ,a3s \7'm a a a a

2
5 tif diéu kién bién: w=08& 0w
Oyz

Tai bi€n y:ib =0

Ta dugc 2 phuong trinh xdc dinh 4,, & B,, ; v6i cdch ky hi€u: n;;zb =qa
a

Chi ¢ sinh’x = cosh x tanh’ x =1—tanh® x
uy:
=8 cosh’ x = sinh x coth’x =1—coth® x

———+4,coshe, +a,B,sinha, =0 B )
°m véi: mle
(4, +2B,)cosha,, +a,B, sinha,, =0
2(a, tanha,, +2) B - 2

°m°cosha, " x°m’cosha,

Rutra: 4, =—

Thay vao (i), cudi cing ham d6 vong c6 dang nhu sau:

4p0 z _a,tanhe, +2 cosh 2,y P Z—ysinh 20,y sjp 17X G
2cosha,, a 2cosha, a a a

m=1,3,5,..

A ~ pe A . A A Cl
D0 vong I6n nhat tai tAm tam (x =5 y= Oj :

m-1

. . (=t
" _4pya > (-1) 2 [1_an1tanham+2] (K)

" Dr® 4. om 2cosha,

Nhdén xét: sd hang thi 1 trong didu ngoic cla (k) tuong ng v6i do vong & gilta ddi
chiu tdi trong phan b déu. Vay c6 thé viét lai (k) trong dang sau:

m-1
5 pa’ 4pya’ Z“’: (-1)2 @, tanha, +2

5

W = .
" 384 D Dr’ ,Gs. m 2cosha,,

Chudi & s6 hang thit I hdi tu rdt nhanh nén chi 14y s6 hang dau 1a dd.

Vi du v6i bai todn tAm hinh Vuéng, dé thay:

@

4 m=1 m=3 4
R A /2 (o 68562—0,00025+ .. j 0,00406 202
384 D Dz’ D

va s6 hang thit II trong ngoic 1a qui nhd so véi s6 hang dau nén c6 thé bd qua.
Tur cong thite (1) ngudi ta ciing ¢6 thé tinh d6 vong 16n nhit tai tim tAm chif nhat bién
tura va chiu tdi trong phian b déu trong dang sau:
4
Wy = Q. Pod
D
v6i 12 hé s6 phu thudc vao tf s6 % va cho trong bang I1ap sdn.

Tuong tu, dua vao cdc cong thifc co bdn da c6, ta cling tim dugc cdc thanh phan noi luc.
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1.9. TAam chit nhat chiu uén béi momen phin bé tai cic canh:
Xét tAm tua trén 4 canh bién va Jo

bi udén cong do momen phian bd doc cic

canh yzi%. Ham d¢ vong w phai & & k k &

théa man phuong trinh vi phan tAm:

(e YWaWally
o Y

va cac dieu kién bién sau:

’ a
7y
w=0
+ Trén bién x=0 va x=a: | 52y, 0 (b)
o
w=0 (c)
o°w
.25
+ Trén bién y=+9/: =
72 oy (@)
w
-D| 22 =f(x
(ayZ j b ~f2( )
=t
véi £,(x), f,(x) ]a momen uén phan bd trén 2 bién y =+57 .
St dung nghiém dang Levy: (luén thda man di€u kién trén x=0, x=a)
w=>Y,sin mrx (e)
m=1 a
véi: Y, (y)= 4, sinh MY B cosh Y ¢ M ginp MY p TEY sy Y (f)
a a a a a a

1.9.1. Truong hgp doi xirng f;(x) = f5(x) = f(x):
Do bai todn 12 ddi xing nén Y, phdi 1a ham chdn ciay = 4, = D, =0. Khi nay, ham

dd vong c6 dang:
w= Z[Bm cosh 222+ ¢ " sinn m”yjsin ey

o a a a a

B, &C, dugc xdc dinh tur diéu kién bién (c) va (d) nhu sau:

+ T (c), trén yzibz thi w=0, ta c6:

B, coshe, +C a,sinha, =0 véi: o, =

m="m

Hay B,=-C,a, tanha,

N - mry . MF mry\ . mrx
va w:ZCm( Ysinh 22X _ ¢ tanh e, cosh yjsm
a a a a

m=1

+ Pé tim C,, ta st dung diéu kién bién (d):
. A C e . x. ., . mMmX
Trudc hét can khai trién f(x) thanh chuoi lugng gidc (theo sin——):
a

mnix

f(x)= iEm sin

Khi momen phin bd 1a hing s trén bién thi f(x)=M,

a



22

D& thiy: E, :—j Mysin ™ ge = Mo (y6im=135,..)
a m
N a’E
St dung di€u kién bién (d), ta tim dugc: C, =— 2

2Dm*n’ cosha,,

Vi cudi cling ta ¢c6 him d vong nhu sau:
mx

© sin
( 2D7z 23 Osh a,
Khi momen phan b8 déu c¢é cudng dd M, thi ham d6 vong c6 dang:

(am tanh ¢,, cosh MY TV sinh m”yj (g)

a a a

o0

w(xy)= 2§

Dz’ 455, m*cosha,

sinh 2 y]sin mrx (h)
a a

mzy muy

(am tanh ¢,, cosh
a a

1.9.2. Truong hgp phan xding f(x) = —f,(x):
f( ):_fz ZEsnmﬂx

Do tinh chit phdn xitng, w s& 12 ham 1&é cta y, do d6, trong cdng thitc (f) thi
B =C, =0.Nén:

w:Z(Am sin?2X 4 p "2 cosh m”yjsin e
a

@

a

— a a a
Tir di€u kién bién (c), w=0tai y = ibz , ta suy ra:
A4,sinhe, +D,a, coshea, =0
Hay D, = —itanh a,A,
a

m

Va: W=ZAm[ in” ! Y cosh mﬂstin mrx
m=1 am a a a
St dung diéu kién bién (d) dé x4c dinh 4, ta c6:
2
4,=—2 F —%n
2Drm m*sinhe, tanha,,
2 0
va:  |w=-2 5 5 E’” (am coth ¢, sinh MY T cosh mﬁy)sin ey G)
2Dr" s m°sinha,, a a a a
1.9.3. Truong hgp tdng quat:
1 1
5 S I,
- —
VAN = dodi xitng + phén xting
N TN TN

A L L\
S(h+h) S(h 1)
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1.9.4. Truong hgp diit biét:
Khi momen phin b chi trén 1 canh bién y =g ching han thi ta s& st dung k&t qua

téng quat véi f, =0, tic sd dd:

A A
2 2
\ (
= +
N N N
(fl LA LA
2 2

va k&t qua la:

1 :
E sin™X —[am tanh ¢,, cosh MY ") sinh m”yj

2
a 1 a coshe,, a a a
vE ADr? ; m® 1 . mTy mMmy mry )
+— a, cothe, sinh - cosh
sinhe, a a a

1.10. Tam chit nhit cé 2 canh tya cé dinh, con 2 canh kia 12 ngam:
Aol
NN
//
K KK
U U

Gia st 2 canh bién tua la x=0 va x=a. Hai canh bién ngam la y = i% . D€ gidi bai

todn ndy, trudc hét ta xem tat cd cdc canh bién 1 tya, sau d6 dit momen udn trén cdc canh
y= i% sao cho chiing khit dugc géc xoay do tdi trong ngang gy ra tai cdc canh nay va sau
d6 c6 thé st dung cic k&t qua trudc.
e Trudng hgp tAm chiu tdi phan bd déu cé cudng dd py. St dung 15i gidi Levy (cong

thitc (j) trong muc 1.8) khi xem cédc bién tdm 1a twa:
4pa* & 1 . max|, o, tanha, +2 2a a mry ., 2a

Po D —sin [1— m n "€ cosh £ m Y ginh £%nY (a)

a

w= 5 +
Dr® 5% m’ 2coshea,, a 2coshea, a a
Dé thdy géc xoay (hay do doc) cia miit vong tai canh y =% la:
(a_wj 21’0 > ism mrx [am —tanhe, (1+¢, tanh a, )] (b)
oy yb m=135,.. m’

e Con trong trudng hgp 4 bién twa nay chiu momen phan b trén 2 bién y =+b thi do
. . . b &
doc cia mit vong (hay goc xoay cia tdm) tai canh y = > dé dang tim dudc tir cong thic (g)

trong muc 1.9 nhu sau:

[ ow,
Oy 2
2

mnrx

i [tanh a,(a,tanha, —1)- am] (c)

7T m=135...




24

ow,

e oA A 1a ow
Nhu da néi G trén, tv di€u kién: (—] = —[—2

oy Oy

j (diéu kién khit géc xoay tai
b

=

ngam), ta rit ra hé s6 clia chudi tdi trong momen phan bd trén bién bdo ddm khir géc xoay:
4pa® a,—tanhea, (1+a, tanha,, ) @

°m* a,-tanha, (a, tanha,, 1)

Eﬂl =

Thay gid tri cia E, tir (d) vao cong thic (g) trong muc 1.9, ta tim dudc w,, tic 1a do
vong do momen phin bd trén bién ngam gay ra:

. mxx
2pat & SN a, —tanha, (1+a, tanha .
W, =— Poi > —4 n (4, '") mﬂysmhmﬂy—amtanhamcosh mry
Dz® S m’coshe, a,-tanhe,(a,tanhe, -1)\ a a a

va do vong cudi cang can tinh 1a: w=w; +w,

1.11. TAam chit nhat c¢6 3 canh tya va 1 canh ngam:

Tim w bing cdch két hgp cdc két qua
da co trén: w=w, +w,

trong d6: w; 1a do vong clia tAim bién
twa chiu tdi trong ngang.

w; 1a do vong cla tAm bién

=\

tua chiu momen phan b6 tai 1 canh bién tai

b .. A A a2 e s e A A 1A L1t 4 .
y= > Ma momen phian bd nay c6 gid tri dugc x4c dinh tir dieu ki€n khu géc xoay tai canh

bién y zg hay cu thé:

(6% ] (6w1 j
) b 0 b
Y Y=

trong d6: w; st dung cong thifc (j) trong muc 1.8. (khi luc ngang 12 phan bd déu).
w; st dung cong thife (k) trong muc 1.9.4 (khi Ivc ngang 1a phan b& déu).
Tu diéu kién nay xdc dinh dugc hé s6 E,, clia chudi tii trong momen phin bd trén

bien: (M,) =f= > E, sin

m=1,35,... a

mnrx

1.12. Céc phuong trinh co ban cua tAm tron chiu uén:
V6i tAm tron thi rd rang st dung hé toa do cuc 1a tién Igi hon cd. Khi d6, cdc thanh

phan bi€n dang, chuyén vi va noi luc dugc bi€u dién trén hé truc toa do nay nhu sau:
X X

Trong hé toa do cuc, hAm do vong va tdi trong sé& 1a ham cda bién r & 6:
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{w= w(r,@)

pz :pz(r’e)

Cong thic quan hé gitta toa Decac va toa do cuc:

x=rcosé N
) va
y=rsinég
gzcose
Ox va
Q:sine
y
Todn t& V* trong hé toa do cuc Ia:
2 2
% =6—2+1 0 +iza—2
or* ror r°o6

@ = arctan (1]
X

00 =—lsin6?
Oox r
%:lcose

7

P& din t6i dang trén, chi can chi y ring: w= w[r(x,y),ﬁ(x,y)]

8w 8w or

0-2

+8w 00 8w
8x 6r ‘ox 00 ox 8r
0*w schosHJr@sinze

1ow

cosf ———sin@
o

p
owsin@cosd o*wsin’ 0

2
Tuong ty, ta tim dugc: 2—?(r 0)
y

2 2
R6i thay vao: Viw= 6—W+ oW

o’ oy’

2— t———
or r 00 r 00° r

Vay, phuong trinh vi phdn chti dao clia tAm tron chiu udn trong hé toa do cuc la:

1 ¢

2
Viw= 8_2+1£+
or: ror

2 06°

Céc thanh phan ndi lvc duge bi€u dién qua w trong hé toa do cuc 1a:

r or

M, ——D{
r

M, =—D[——+

Cic luc cit quy ddi:

+
ror r 692

M, - (1_ (lﬁw
or\r ol

0 =-D— v2 = [
10 _, 1
=—D=—V?’w=-D=
% r o0 r

o°w low 1 o°
L R Ry
0 r? 00

2 2
5_2+15+1 52 we P (1.18)
or: ror r°o0 D
0*w
V_
or?
(1.19)

7 6r r? 06?
P 1o 1w
or* ror r®ob?

Pw 10w, 1azj
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0¥ = Q+ 1M, _ D[avzw(l—v)l il (la—wﬂ

06 or rorof\ r oo
, 5 (1.20)
oM 10 o0° (1ow
w_g,+ Mo __plL9v,, - —
0 =9 or {r or v ( V)ﬁr (r 89)}

1.13. TAam tron chiu uén doi xing truc:

Bai todn tAm tron chiu udn dudc goi 1a d6i xing truc néu tdi trong ciing nhu diéu kién
bién & mép tAm khong phu thudc géc cuc 0. Khi d6 dd vong clia tAim s& khong phu thudc vao
gbc cuc 0 va s& chi 1a ham theo bi€n r, titc 12 w=w(r). Khi d6, phuong trinh vi phin clia mit

trung binh tAm sé& la:

d> 1d \d*w ldw
D| —+-— —+—— |=p.
dr rdr )\ dr r dr

d*w 2d3 1 d?*w 1 dw
Hay D 1.21
Y (dr4 rdr® Rt PR dr] P: ( )
Va cdc thanh phin ndi luc ciing vay:
2
M =—-D d w vdw
dr? rdr
2
Mgz_D[ld_W d?’j
r dr dr
M,=M, =0 (1.22)
o —_pd(dw, Ldv
' dr\ dr* r dr
Q,9=0
Cic luc quy déi:
qd _
{Q,‘d 0, (1.23)
=0

Phuong trinh (1.21) ¢6 thé tim dugc nghiém tdng quat. PAy 13 phuong trinh vi phan
khong thuidn nhit ma nghiém tdng quit cla né la:
w=w + w
trong d6, w; 12 nghiém téng quét cia phuong trinh thuin nhat tuong tng (1.21).
d'w, L2 2 a’3w1 1 d*w, +l%
art r ar’ 2drt PR odr
Cé dang: wl=C1+C2.|nr+C3.r2+C4.r2.|nr (1.24)

=0

vawlal nghiém riéng ctia phuong trinh (1.21).
P& tim w, ta vi€t lai (1.21) trong dang:

taf afrd( all_r)

Biing céch tich phan truc ti€p 4 14n phuong trinh nay, ta sé& tim dugc w:
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w (LA LA owr)ar o far

Vidu: V6i trudng hop ti trong phan bo ddu thi w= 6]:er va nghiém téng quét cia

4
N pr
huong trinh (1.21): w=
p g (L.21) 6aD

+C,+Cy.Inr+Cyr® +C % Inr

1.13.1. Bai toan tAm tron bién tua cé dinh va chiu tai trong phan bd déu:
Pé€ xdc dinh cdc hiing s6 tich phan trong (1.24), ta cin st dung cic diéu kién bién sau:
e Tai tAm tAm (v4i r=0) thi 46 vong can cé gid tri hitu han vi In0=—o0 nén cic hé s6
ding trudc cdc s6 hang chia In7 phdibing 0, tic la: C,=C, =0

4

Khi d6, nghiém (1.24) ¢6 dang: w= g:D +C, +Cyr?

e Con ddi v6i bién tAm (khi r=a) thi do vong va M, can bing 0. Hay:
2
W _ =0va d Yﬂd—w =0
r=a ar® rdr) _,
4

PL € +Ca? =0

. . | 64D

Tu day, ta co: 3’ 3
pa +2C3+K pa +2C,a |=0
16D al\16D

_3+v pa’ _pa2
' 1+v 32D 64D
34V pa’
T 14v 32D
Cudi cling ta c6 ham do vong w:

— p(az_rz)(5+va2_r2j

Rut ra:

64D 1+v
.. § 5+ )
D0 vong 16n nhat tai tAm tdm, tic r=0: w,,, = vpa
1+v 64D

Theo (1.22), ta ¢c6 cdc momen trong tAm:

2
M, =—D(d W+Kd—WJ—£(3+V)(a2 —rz)

dr*  rdr) 16 N
// a\\
law d*w) p ’ ’ / \
M,=-D| =—+v—- |=—|(3+Vv)a"—(1+5v)r : 0, P
’ [r dr dr’ J 16[( Ja* ~(1+50)r*] \ )
VA cédc gid tri momen u6n 16n nhat tai tAm tdm, tic r=0: \\\\ !
) L
_ _pa y
Mr,max _Me,max - 16 (3+V) F*Zaﬂp
EEERRRREN

Tai bién, tic r=a:

. Whnax ,
M e O ------ == @

2 0,206pa*
M'g :&(1_1/2) 0,088pa2
8 0,206pa’

Céc bi€u dd momen udn vdi v=0,3 dudc gidi thiéu trong hinh bén.
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1.13.2. Bai todn tAm tron bién ngam va chiu tdi phan bd déu:

w,_, =0 .
N A A A 2t pa 2
Tu di€u kién bién: vél w= +C, +C,.r
' o 64D '
dl" r=a
a4
é74 +C,+Cpa® =0
Ta co: 13)
f;aD +2C,.a=0
_ pa’
=
Tir d6 04D
c,=-&
32D

Va: w=$(a2—r2)2

4

Do vong 16n nhat tai tAm tAm: w, = (so véi trudng hdp bién tya thi nhd hon 4
1an). St dung (1.22), ta c6 biéu thitc momen udn trong tim:

M, =%[(1+v)a2_(3+v)r2]

M, =%[(1+V)a2 ~(1+3v)r?]

Va momen tai tim tAm khi khi r=0: M, =M, = i‘é (1+v)

a
M, =- ps
Va momen udn trén bién (&ng v6i r=a) va 12 momen max: , (chi gan
pa
M,=-v—
8

bﬁng 60% so v6i M, khi bién tua).
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1=

0]
1y
2a
Z P N
|
Wmax
0,125pa’ @
0,038pa’

0,081pa2

1.13.3. Bai toan tAm cé tron cé 16, bién ngam va chiu tii trong phan bd déu:

Pé x4c dinh cdc hiing s tich phan trong (1.24), ta sit dung cdc di€u ki¢n bién sau:

Tai bi€én ngoai bi ngam (r=a):
w=0
dw
s
Tai bién trong tu do (r=b), cin cé:

2
M --p|4 VZV+K“’—W =0
dr rdr

0

2
S, Kl [ KL
dr\ dr® rdr
Tu day, ta c6 hé phuong trinh:

4
éij+Cl+C2.lna+C3.a2+C4.a2.lna=0

3
%+&+2C3.a+2C4.a.lna+C4.a=0

a

2 2
%—%+2C3+2C4.Inb+3c4+v[1p:
a_b_}_ﬁzo
2D b

V=

-
N

[y
2b

2a

p

Z

D+%+2C3+2C4.Inb+C4J:O
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Gidi hé phuong trinh nay, ta tim dudc cdc hiing sd tich phin rdi dua vao cdng thitc do
vong (1.24), cudi cung ta co:

= paD[_1+2(1—k—2ﬂ )(1-p*)+ p* —4kIn p-88°p" In p |
(1-v) B> +(1+v)(1+45° In B)
(1-v)+(1+v)p

trongd(’):pzﬁ , ,8—2 k=
a
Céc momen udn ciing ¢ thé tim dudc tir (1.22).

1.14. Thé& ning toan phan:

Biéu thic th€ ning toan phin clia tim chiu udn:
Im=U-A

trong do: U la thé€ niing bi€n dang clia tAim va U = %J.V o'edV

A 1a cong cla ngoai lyc.
Cu thé, theo gid thi€t ca Kirchhoff, o, =0& y_, = 7., =0 nén:

U= %L(gxgx +tée,8, +6'Zé'z)dV
Thay céc biéu thic tng suat (1.6) va bién dang (1.5) vao, ta c6:

Ez 52 P (*w) . *wotw ow Y
=_j S S| i S 21y av
oy ox® oy’ Ox0y

2 2
Cong va trir 2 sd hang ZFF vao phan trong méc vudng rdi nhém lai véi chi y 1a
X oy

ham do vong chi 1a ham clia bi€n x, y nén ta c6:

Ez* w *wY w ) %w d*w u
U:(l . J-F (6 >+ 2] +2(1—v) [8 j o2 o dxdy.j_zﬁzzdz
Ay lad gy oy ) ox oy ;

62w 0*w o*w ’ 0*w d*w
U =— +2(1- -
Hay: |U J. {( j ( V)[(axéyj o o }}dxdy (1.25)

trong d6: F 1a dién tich mit trung binh cla tAm va tich phan dugc thuc hién
trén toan bd bé mit ca mit trung binh tAm.
Chii y: biéu thitc thé ning bi€n dang cda tim c6 thé c6 dang gon hon trong 1 vai
trudng hop cu thé nhu tAm cé dang bat k¥ ngam sudt chu vi va tAm chif nhat g&i tua trén toan
bién. Khi d6, th€ ning bi€n dang c6 dang:

2 2
:_I(aw &%w dedy
y

T 2. \?
Hay: U = L(v w)’ dxdy (1.26)
Cong ngoai lyc trong trudng hgp bai todn tAm:
~ — oM, ) ——ow
A_przdxdyqs[(gn+7]w—M » }ds (1.27)

trong d6: tich phan thit I dude 14y khip bé mit mit trung binh tim, tich phan
thit I dudc 14y trén phan canh bién chiu luc.
Cudi cling, thé ning toan phan cé dang:
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D o’w  O°w ’ o°w ’ o°w 0*w
Hz—L —+— | +2(1-v) ——— | dxdy
2 ox® oy Ox0y ox” Oy

— oM, | ——ow
_j'przdxdy—J.S/ KQH+ Py JW_M" E}dS

(1.28)

1.15. Phuong phap Rayleigh — Ritz:

Nhu d3 biét trong gido trinh dan hdi, phin 16n cdc bai todn hdi déu din tSi viec gidi
hé phuong trinh vi phan & dang dao ham riéng véi cic diéu kién bién cu thé ddi v6i mdi bai
todn ma 15i gidi chinh xdc nhin dugc bdi viéc “tich phan truc ti€p” cdc phudng trinh nay va
cho thda min cédc diéu kién bién dudng nhu gip phdi khé khin vé todn hoc rat 16n. P&n nay
ciing chi ¢6 dudc mot s§ bai todn v6i dang hinh hoc, tdi trong va diéu kién bién don gidn nao
d6 méi c6 13i gidi chinh x4c dang tudng minh. B&i vy cdc phuong phép gidi gin diing c6 ¥
nghia quan trong dé khic phuc nhitng khé khin nay. C4c phuong phdp bi€n phan 12 nhitng
phuong phdp gan ding dya trén cd s& cdc nguyén 1y bién phan. Phuong phdp Rayleigh — Ritz
12 mot trong nhitng phuong phdp bi€n phin dya trén nguyén 1y th€ ning toan phan dirng
(nguyén ly Lagrange).

Noi dung nguyén 1y: trong ti't cd cdc trudng hgp khad di dong (tic thda man cic diéu
kién tuong thich va diéu kién bién dong hoc) thi trudng chuyén vi thuc (tudng ¢ng véi su cin
biing clia vat thé) s& 1am cho thé ning toan phan dat gi4 tri dirng. Tic 1a:

oll=¢6 (U - A) =0

N6i cdch khic, theo nguyén 1y nay thi trudng chuyén vi khd di dong (lién tuc va thda
min diéu kién bién) va lam th€ ning toan phan IT cuc tri s& chinh 14 trudng chuyén vi thuc
va théa min cdc phuong trinh cin biang.

1.15.1. Van dung pp Rayleigh — Ritz vao gidi bai toan tAm chiu uén:
Theo phudng phdp nay, ham do vong w(x,y) dudc biéu dién gin ding nhu tS hop

tuy€n tinh cla cdc ham w, (x, y)
W(x'y):iciwi (x’y):C1W1+C2W2+---+CnW,, (1.29)

trong dé: w,(x,») 1a cdc ham khé di dong (lién tuc & thda man diéu kién
bién cla bai todn) va dudc cho trudc.
C; 1a cdc tham s6 va sé& dudc xdc dinh tir diéu kién cuc tri clia
ham thé& ning toan phan IT.
Sau khi thay w(x,y) vao bi€u thic th€ ning toan phan IT va thyc hién tich phan ta
duoc IT1a ham cda cdc tham so C;.
n=n(c,c,..cC,)
Tir diéu kién cyc tri cda IT ta ¢6 mot hé phuong trinh dai s§ tuyén tinh:
on ..
§H:0<:>%:O vé6ii=1,2,3,..,n (1.30)

Gidi hé phuong trinh nay, ta dugc cac C; (i=1, 2, 3, ..., n).
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1.15.2. Bai todn tAm chit nhat bién ngam chiu tdi trong phan bd déu:

)y
b N
N\, X
O 7.0

Chon ham w(x y) :

w(x, y) = ZZCW [1 cos 2" j(l—cos an;zyj (a)
Ham w,,, c6 dang:
w, = [1— cos zmm)(l— Ccos znTﬂy) (b)
a

Théa diéu kién bién:

—0&aw =0 taix=0vax=a

ox
ow . N

w, =0&—"=0 taiy=0vay=>
y

Thay (a) vao biéu thic U:
o*w 0w
U——J( azyz) dxdy

m=1l n=1 a

ool S

DY o Fry IS 3 p2 (ol }

m=1 n=1 s=1 r=l s=1 n=1

2
2 2
=—Jj ZZMZC cos 2P 1 cos +n—coszn—ﬂy(l— mej dxdy
a b b? b

(c)

Thay (a) vao bi€u thic tim cong A:
a b
A= Io .[o pwdxdy (d)

D e
= qab;Zn:CW

Vay ta tim dugc: TT=U — 4 =T1(Cy;,Cy,,CiseeyCpy, Cyr Cogenn C, )
Xac dinh hé s6 Cpn tir diéu kién:

oIl 0 m=12,...
oc n=12,..

R RS C e S R

(i ¢H) (r¢m)
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4 2 n m 4 4
3m* +3n* gj +2m?n? (gj C + 2m*C. + 2n* (ﬁ) C = pa
|: ( b b mn ; mr ; b rn 4D7Z'4 (f)
(r:tn) (rim)

Vi 1 vai gid tri cda m & n, tir (f) cho ta 1 hé phuong trinh dai s6 tuyén tinh dé xdc
dinh cdc tham s& Cy.

Vi du: néu chi 14y mot tham s6 (m=n=1) thi diéu kién (f) cu thé s& la 1 phuong trinh
dé tim Cii.

4 2 4
332+ 4] |au= 22
b b A4Dr
4
Vay: ¢, =24 !

11 4" 4 2
4D
" 3+3(“j +2(“j
b b

4

) N ~ A ~ pa
V@i trudng hop tAm vudng canh a thi: C,, = —
0P 8% 1= 39D
pa’ 2mrxx 2nwy
Ham d6 vong: w(x,y) = +| 1—cos 1-cos
32Dr a b

V61 v=0,3 thi: w,,,

4
- w(% , %) - 0,014 f; 23 (chi 16n hon 1,5% so v6i két qua dudgc tinh

4
kh4 dai dong bdi Evans 12 w,,, =0,0138 I;ZS )

e N&u 14y m=1, 2 va n=1, 2 thi ta ¢6 4 phuong trinh dai s6 tuyén tinh tim 4 tham s&
Ci1, Ci2, Co1 & Coa.

1.16. Giéi thiéu vé Iy thuyét tAm day MINDLIN — REISSNER:
Trong 1y thuy€t tim mdng, v6i nhitng gid thi€t Kirchhoff, cdc bi€n dang trudt y,x va

Yy 12 biing 0. Tuy nhién, cling nhu 1y thuy&t dim chju u6n ngang phing, khi ti s& h (a la kich
a

thuéc nhd nhat clia mit trung binh tAm) 12 khong di nhd thi sy bd qua cdc bi€n dang ndy sé&
12 khong diy dd va khong thé bé qua.

DPAu tién, Reissner xem riing cic géc xoay clia ciac doan thing vudng géc mit trung
binh trong cdc mit phing xz va yz, cing vdi ham d6 vong dugc xem nhu nhitng bi€n doc l1ap
trong 1y thuy€t todn. Nhung sau d6, Mindlin di don gidn héa gid thi€t ndy va xem ring cdc
doan thing phdp tuy&n nay trudc va sau bi€n dang con 1a thing nhung sau bi€n dang tuy con
thing nhung khdng con vudng géc v6i mit trung binh clia tim. Ngoai ra, tng sudt phip o,
(vudng géc v6i mit trung binh) vAn xem nhu bd qua va bing 0 (nhu gid thi€t Kirchhoff).
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/|

~
/Ow
Ox
M hinh Kirchhoff Mo hinh Mindlin - Reissner
Theo gid thi€t Mindlin — Reissner chuyén vi clia tAim c6 thé biéu dién bdi:
u=z.0,
v=-z.0, (1.31)
w= w(x, y)
Quan hé giita cdc momen ndi lyc véi bi€n dang dugc vi€t trong dang sau:
90,
M. 1 v 0 Ox
00
M,=Djv 1 0 8y (1.32)
M 00 1-v d
26, 09,
—r 4
oy Ox
Con cdc bi€n dang trudt:
ou Oow ow
Vo=t =0+ =
z
ov ow ow (1.33)
Vop="+_—=0+—
oz oy 0Oy
Céc tng suat:
ow
r. 1 0][7. 1 0]|% Y%
=G0 1 =G0 1 5 (1.34)
Tyz 7yz ey +_W
dy
N&u xem céc (ng sudt nay 12 phan bd bac 2 thi c6 thé thay:
3 4z°
T =—/1-—
Xz 2h [ h2 ] Qx
(1.35)

3 472
=212
=3 h( P JQ,,

Va cdc thanh phin noi luc trong tim c6 dang:
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00,
M_=D 6:9X+V -
| ox oy

00
M, = D(—y+v%]

1.36
oy ox ( )

Gl oy
M, = D(1—v)(%+—y]
- oy Ox
. N . LA E
trong do: G la momen dan hoi trugt, G =
(1+v)

K 13 hé s8 didu chinh, K = %
Bing viéc st dung cdc phuong trinh cAn biang nhu trong 1y thuyé&t Kirchhoff:

oM
8Mx+ 5 -0
ox oy
oM, oM,
—>+ -0,=0
ox oy
0
0, + 9 +p=0
ox 0oy

Phuong trinh vi phan chi dao clia Iy thuyé&t tim day mindlin — Reissner ¢ thé dugc
viét & dang sau:

D

2 _ 829 2
%0, 1-v 90, 1+v MXJ—G(ZW jzo
X

5 —t . —+0,
Ox 2 0oy 2 Oxoy

%6 - 2 06
p|r 29 1 V.Mzu £ e, Moo |=0 (1.37)
2 oxoy 2 ox oy o 7

2 2 89
G’ a_w+a_w+aex _yj_{_pzo

+
o’ 9y ox Oy

Cdc diéu kién bién:
Dang tong quit & mdi canh bién tAm:

e Dang dong hoc: w=w, 6, = a, 0=
¢ Dang tinh hoc: M =M, M,=M,, O, :Q

Cu thé: e Canh bién ngam: w
e Canhbiéntydo: QO
e Canh tua tu do:
e Canh tua c6 dinh:
Thé& ning toan phan:

00 00
H:lj M, aawa) 90 L% v S0 | avay
29" ox Loy ox ’

(1.38)
+ j{gx [2—;‘#@} 0, [%}+Hyﬂdxdy— [ wp.dsdy~[ | (Ow+M,0,+M,86,)|ds
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o} day, w, 6 va 6, xem nhu céc bién doc lap. Khi 0. :—a—w,H, = _6_w thi bi€u thic

V

ox oy
trén tré vé dang nhu tim méng (theo gid thié€t cia Kirchhoff).

1.17. TAm bi udn do tic dung dong thdi cia tii trong ngang va luc trong
mit phang tim:

Nhu da biét trong gido trinh 1y thuyét dan hoi, dudi tdc dung clia tdi trong song song
mit phing tdm, trong tdm chi ton tai cdc lyc mang (cdc lyc song song mit phing tdm): Ny, N,
va Nyy. Khi tAm chiu ca ti trong ngang thi tim bi vong. N&u dd vong 1a nhd thi c6 thé xem 2
loai tdi trong nay giy ra cdc hiéu tng doc 1ap nhau va khi nay, bai todn c6 thé tich thanh 2
bai todn doc 1ap va k&t qud 1a viéc cong tdc dung mot cdch don gidn.

Tuy nhién, khi dd vong khdng 1a bé thi rd rang cdc luc mang cling 1am viéc udn tim
bdi tai trong ngang bi anh hudng, phuong trinh vi phan chi dao ctia bai todn cling khac di khi
ké t6i hiéu ng nay clia cdc lyc mang.

Ta gia thi€t ring do vong w vin con dd nhd dé cdc gid thi€t Kirchhoff con ding va du
16n d@é cho tich s6 ctia lyc mang hay dao ham ctia n6é véi dao ham cda w 1a c6 dd 16n cling
bac v6i dao ham cla lyc cit O, & O,. Vi gid thi€t ndy, ta s& thiy ring cdc ¥ng sudt do udn,
cdc momen va lyc cidt vin con dudc xdc dinh bdi cdc cong thite (1.6) va (1.9).

> Khdo st sy cAn bing clia 1 phin t& tAm c6 dién tich dxdy véi chi ¥ 1a cdc ndi luc
do udn sé& khong c6 mit trong cdc phuong trinh hinh chi€u 1én phuong x, y nén ta chi can xét
ddi véi cdc lyc mang nhy hinh vé.

e Xét tdng hinh chi€u clia cdc luc 1én N ON,

y dy
phuong x: N+ aN, Z‘dy Ty
+ V6i cdp luc N dy &[NX + N, dx]dy thi Oy 1
' ax Nwl oN
hinh chi&u 1én phuong x s& 13 N =—{dy 1‘]\/ o
ON ON dx N anyd
N, +—=>dx |dycosa’— N dycosa ~ —=*dxdy N Vot o
ox Ox | N }'i
(Vi a va o nhd nén cosaxl, cosa’~1 bdi: 1 b 4
2
oo COSa=\/1—Sin2a=1—%Sin2a+...:l—%+... ‘ ‘ x
: | |
ee o nhd nén aé la VCB bic cao nén cosax1) N, ‘
+ Tuong tu véi cédp lyc: a i
ON i » |
N, dx&| N, +—=dy |dx c6 hinh chi€u lén
ON,
ON, N +—=dx
phuong x 1a: —= dxdy z ox
oy
Vay téng hinh chi€u cic lyc 1én phuong x 14 biing 0 va ta c6:
ON
N, +—==0 (a)
Ox oy
ON. ON,
> Tuong tu, tf 2Y=0c6: —=+—==0 (b)
ox oy

Bay gid xét tdng hinh chi€u cic lyc 1én phuong z:
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+ Hinh chi€u 1én phuong z do cédc cip lvc N dy &(Nx + N, dx] dy sé la:
X
—N dysina +(Nx + aévx dx}dysin o (©)
X
N 2 A ow
Vianho nén sina~a=—
Ox
2
Via' = a+a—adx ciing 12 nhd nén: sina’'~ o’ :a+6_adx:6_w+8_v2vdx
Ox Ox ox Ox

Viay biéu thiic (c) s& 1a:
2 2
—Nrdya—w+(Nx + N, dx] dy 6_w+8_1;vdx =N, a—V;dxdy + N, a—wdxdy
ST oox ox ox Ox ox ox Ox

(O day, cdc VBC bac cao dugc bd qua)

. ON
+ Tuong ty, hinh chi€u 1én phudng z cla cip luc Nydx&[Ny + g y dyJ dx la:
y
2 ON
N, 0 ‘:}dxdy +—= ow dxdy
oy oy

. ON
+ Tim hinh chi€u lén phuong z cta cidp luvc N_dy &(Nxv + P s dx} dy
’ ’ o

Xét hinh v& dudi ta nhan thdy ring: Do uén, diém O c¢6 d6 véng w — O’

Piém B ¢6 do vong (w+2—wdy] —> B’
y

@) dx A x

Do d6, doan O’B’ bi xoay xudng 1 géc la Z—W so v4i truc y. Tuong ty vay thi
y

0*w

doan AC ciing di chuyén t6i A’C’ va A’C’ bi nghiéng di géc 6_w+
0y Ox0Oy
Vay hinh chi€u clia cip luc ndy Ién phuong z la:

dx] so vdi truc y.

ON 2 2 ON
—vadya—WJr N, +—dx |dy a—W+ oW dx |=N_, ow dxdy + —= a—dedy
YT ox ] ox oy Oxoy V' Oxoy ox Oy

0 ) . ON, .,
(O day, ta cling bd qua VBC bic cao a—ydx dy)
X
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+ Tudng ty, v6icap luc N, dx&[N ]dx c6 hinh chi€u 1én phuong z

0y
2 oN
N9 ey + 2 O gy
" xdy ox ox

+ Hinh chi€u ctia luc cit trén cdc canh phin td va luc phan b p di biét § muc
1.4 trudc day:

Viay tir £Z=0, ta c6 phuong trinh:
00, 00 O’w o Ow o%w [8Nx N, J ow [6NW N, j ow
—=x + + —+ + —

+—=+p+N, +N o
ox Oy Toxt Vo Yoxoy ox oy )ox ox oy )oy

Thay (a) va (b) vao (d) ta thdy 2 s& hang cudi 1a bing 0. Vi cdc ng suat do lyc song
song mit phing tim 12 phan bd déu theo chiéu diy tAm nén khong giy ra momen trén mép
phin tif dang xét nén cdc phuong trinh tdng momen ciing giéng & 1.4. Va ciing bdi vay bing

=0 (d)

cdc quan hé ndy va lam tuong ty, cudi ciing phudng trinh cin bing hinh chi€u theo phudng z
c6 dang:

+ + = +N,—+2N
ox*  ax’oy’ o' D P 7

Toxd oy’ Y oxoy (1.39)

ow . o'w  d'w 1( y Sy 0w asz

Py 1a phuong trinh vi phan chli dao clia tim méng duéi tic dung ddng thdi cda tdi
trong ngang va tdi trong trong mit phang tAm.

Thi du: Xét tAm chit nhat bién tya dudi tdc dung dong thdi cla luc ngang phin bd déu
va chiu kéo déu bdi N,=const. Khi d6, ta c6: N, = const, N,=N,=0. St dung ham do vong

w(x, y) nhu & muc 1.7 (dang nghiém Navier).

0

w(xy)= >, i A, smm”xsm%

m=13,5,...n=1,35,..

3,
Tai trong p dugc khia trién dang chudi Furier:
16 < 1
=# > Z = sin 2 gjn 12

T m=135,.n=135,. M1 a

Pua vao phuong trinh vi phan tAm:

4 4 4 2 © 0
81:/4_ 82w2+8w N, 0oO'w 16[270 Z Z 1 sin X G HAY
ox ox*oy® ot D o’ T 135, n-13s,. M.N a
Cudi cling ta tim dudc:
A, = 167, > vGim,nlé
6 m®  n’ N m’
Dr’mn 72"1'7 +ﬁ
a® b Dr‘a
=0 v@im,nchdn
. 16p, <« d 1 . MTX . NTY
Vay: w(x,y)==—"2 > > - sin——sin (1.40)
Drx m=1,3,5,...n=1,3,5 m2 nz ]\]Vn/l2 a b
mn 72+b72 2 2
a Dr‘a

Dé thdy ring: N&u N,>0 (kéo) thi d6 vong gidm
N€&u N,<0 (nén) thi dd vong ting
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1.18. On dinh ctia tdm chit nhat bién tya chiu nén déu:

Ciing nhu cic bai todn Euler vé 8n dinh ctia 1 Y
thanh chiu nén, tim mdng khi chiu nén con 13 phiang Ny b
va trang thdi cAn biing 12 6n dinh khi N, con nhé hon _— _—
mot gid tri t6i han nao d6, nhung khi Ny vugt qua
gi6i han nay thi trang thdi cAn bing phinng clia tAim _— .|
12 khong 8n dinh. Khi ma't 6n dinh tAm bi cong di. 9] 7 ~

Xét tAm chif nhat twa 4 canh chiu nén déu bdi Ny=const, Ny=N,,=p=0.
Do td&m bi cong , sit dung phuong trinh vi phan chii dao (1.39) v6i chd y 1a thay Ny bdi
—Nj, ta cé:

62
w+ Nx F =0 (a)
Pé€ cic diéu kién bién dugc thda min, ta 13y:
ZZAmnsm mmcsmm (b)
m=1n=1 b

Sau khi thay bi€u thitc ham do vong w dang (b) vao (a), ta c4:

0 0 4 4 2 2
ZZ! [ +b ] —Nx;rzm—ziAmsin MY sin m[jy 0 (c)

m=1 n=1 a a

Phuong trinh (c) thda man v6i moi (x,y) € F va khong nhan nghiém tam thudng (w=0)
khi va chi khi:

4 42 .

Givm=1,2,...
oo L vy S (d)

a b a® n=12,..

4 4)\?
,[m' n
Hav: N _Dﬂ £a4+b‘1] _ Dr? mb+n2a i (1.41)
Yo s m? b* \ a mb '

2
a

Diéu nay c6 y nghia la khi N, dat d&€n gid tri x4dc dinh bdi (1.41) thi 4,,, va do d6 1a ca
dd vong w 1a khac 0, tic 12 tA,m da mat 6n dinh.

e Gi4 tri (1.41) ciing c6 thé dat dudc bing cdch xét k§ (1.40) & bai trén. Khi d6, do Iuc
nén N, nén can thay gid tri ctia N, trong (1.40) bing —N,. Khi N, dat dén gid tri cho bdi
(1.41) thi miu s6 clia s6 hang trong (1.40) 1a bing 0 va n&u po 1a khdc 0 thi w tr§ thanh khong
xdc dinh. Y nghia vt 1y cia diéu nay 12 vé6i tai trong ngang riat nhé nao dé thi tim ciing s&
c6 do vong 16n. Hay néi cdch khac trdm da bi mat 8n dinh.

Tir (1.41) ta s& tha'y riing gid tri cia Ny 12 nhd nhat néu n=1. Piéu nay chi ra ring: khi
tAm mat Sn dinh, ¢6 thé xuat hién vai nita séng theo phuong tim chiu nén nhung chi c6 dang
15 s6ng theo phuong vudng géc con lai. Do d6, tai trong tGi han c6 gid tri la:

2 2
o DE(mb  a Y, DT (1.42)
’ b a mb b?
trong d6:  k =(’"—b+ibj 12 hé s6 va gid tri cBia né phy thudc vio m va
a m

t§/s6%.

Gid tri cyc tri cda N xay ra khi:
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1

dN? 2D7* (mb  a
AN U | W S
d( mb j b a mb mb
a a
tre 12 khi ™2 =1 ©)
a
Thay (e) vao bi€u thic k va dé thdy ring k=4
2
Vay gid tri nhé nhat cia N 1a: (N)f’)min = 41227[ (1.43)

Vi m chi nhdn gid tri nguyén nén:
+ N€&u tdm 12 vudng % =1 thi m=1. Dang mat 8n dinh c6 dang nira séng hinh

sin trong c& 2 phuong.
+ Né&u tdm 1a hinh chit nhat 4 , =2 thi m=2. Theo phuong nén, tAm bi cong
dang 2 nira s6ng hinh sin.
Néu tf s6 % khong nguyén, do m 1a nguyén nén gid tri tdi trong t6i han s& 16n hon

gid tri cho bdi (1.43). Khi d6, gid tri luc téi han duge xdc dinh theo (1.42) 1a:

D 2
N =k b’j ()
2
véi k:(m—b+ij
a mb
2
2
Hay: k= m2+L =(ﬁ+£j =i2 m+'B—
(aj m p m p m
b
1 4
Hay: k:F(m2+2ﬂ2+%j (2
v6i ﬂ:%

LAn lugt thay cdc gid tri nguyén khdc nhau clia m, ta vé& dudgc cdc do thi quan hé giita
k va S (tir (2)) nhu hinh sau. RS rang v6i mdi gid tri clia m ta ¢6 mot dudng cong k(). Tai
chd giao ciia 2 dudng cong c6 gid tri m va (m+1) 10 rang xdc dinh gid tri S ma ng v6i gid tri
nay tAm s& bi cong dang m hay (m+1) nifa séng sin theo phuong bi nén. B&i vay ng véi cic
gi4 tri fkhdc nhau thi gi4 tri k trén d thi 12 dudng bao duéi cling.



Bay gi® ta s& xdc dinh cdc gid tri clia S (tic ti s& %) tuong @ng khi dang mat dng

dinh clia tAm tir m ni¥a séng hinh sin sang (m+1) nia séng hinh sin (vi du tai diém A cda d6
thi). Tai di€m nay, rd rang k c¢6 thé x4c dinh ng v4i gid tri m va ciing hudc dudng cong Gng
vdi gid tri (m+1). Vay ta cé:

i 2 2 ﬁ_4 :i 2 2 s
7 Em +28 +m2] 7 [(m+l) +2/ +(m+1)2

Sau khi don gian, ta c6:
[t = m? (m +l)2

Hay f=./m(m+1)

Vay:
+Né&u = % <~[2 =1,41 thi dang mat 8n dinh theo phuong nén tdm la nita séng sin.

+ N&u 2 < B <6 =2,45 thi dang m4t 8n dinh theo phuong nén tdm 1a 2 nira séng
sin.

+ N&u +/6 < B<~/12 =3,46 thi dang mAt 8n dinh theo phuong nén tAm 1a 3 nia séng
sin.

2 ~ P .2 e 2ot oA 7 2 ~ a N N, ~
Trong tinh todn thyc t€, dé don gian, d6i véitam co ty sO S = 3 >0,7 thi ngudi ta 13y

ludn k=4. Khi d6, sai s6 16n nhit ddi véi viéc xdc dinh gid tri tdi trong t6ii han 1a 13% (va
x4y ra trong khodng 0,7 < S < J2).
Gidi han si dung cong thiic (1.42) va (1.43):
Vi trong cdc cong thifc nay chita modun dan hdi E nén rd rang vat liéu vin lam viéc
trong giai doan dan hdi. Khi d6, dudi tdc dung cia lyc nén N, dng sudt trong tam Ia:
o N7 Dr?
O = = 2
h b°h
27173 2 2
Vi ked thiz o7 =4— 2N __TE [ﬁj <o,
12(1-v?)b*h 3(1-v*)\b

Tir d6. ta co: <t /3% (1-v*)
b o\ FE

Thi du v6i thép thudng: o, = 2001‘41%1 )

= SMN " =
E=2.10 41” 0,3
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Taco: 1<l 3'208 (1-0,3%) -t
b 7\V210 60
Vay, véi tAim bing thép thudng thi cdc cdng thitc xdc dinh tdi trong t6i han (1.42) &
(1.43) dugc dung khi ﬁ < i
b 60

1.19. TAam chit nhat bién tya, chiu nén 2 phuong:

Xét tAm chiu nén theo 2 phuong nhu hinh vé. C6 Y oP

thé xem riing noi luc trong tAim gém:

N ,=-P,N,=-aP,N =0 (a)

Khi mat 8n dinh, tim bi vdng, phudng trinh vi b
phan clia mit trung binh tdm (theo cdng thitc (1.39)) lic

Pl 7

L1t

nay c6 dang:

o°w o*w

DV*w=N +N, — apP

ot oy* a
2 2
Hay: DV*w=-P 8_v2v+a6_v2v
ox oy
Ham do vong dudc vi€t trong dang:
mrx . nwy

w=Csin sin—=
b

a
(Dé& thay ring (c) théa min cdc diéu kién bién tAm).
Thay ham do vong (c) vao phuong trinh vi phan (b), ta nhin dugc:

4 2 2 4 2 2
m mn n .. mrx . nw m n . mrx
7r4CD[—4+2—+—jsm S|nTy=ﬂ2CP[—2+ab—2]5|n
a

a a’b® bt a a

Tur d6, ta d& dang tim dugc gid tri ciia Ivc P ma né c6 thé giit cho tim bi cong:
2
m n
, Ld® b
P=pDr 2/
no "
a’ b
2
2
a
m? +n2]

Dr? b_2 [ b?

b at( a
m +ab7n

2
Datﬂz% thi: P:leb—’zZ

Hay & dang sau: P=

2
(mz +,82n2)
,82 (mZ +aﬂ2n2)
Gi4 tri t6i han cla luc P tuong dng gid tri nhé nh4t ciia hé s6 k;, tdc la:

D 2
By = (kl)min b_izz

trong d6: k, =

Dr?
min bzh

e Ao N P
Va gid tri cia Ung suat t6i han la: o, :7”“ :(kl)

sin

(b)

(©)

nry

(d)

(e)

¢y
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Trudng hgp tAm bi nén déu theo 2 phuong (tifc a=1) thi:
2 2 2
= m -i-ﬁ f n
Dé thdy 12 khi m=n=1 thi s& cho cdc gid tri k; nhé nhat, lic d6:

(kl)min = = 'BZ

(2)

chi phu thudc vao S (tifc vao ty sd gifta chiéu dai %). Su phu

IBZ
thudc nay dugce cho & hinh bén:
e Vi tdm vudng: f=1= (k) =2 va gid trj t6i
5 ; ; ‘ ; han:
| | | | an:
T R p, 207

| | | | b
3\ T I R I 2 \ : .

! ! ! ! (nho hon 2 1an so v6i nén tdm theo 2 phuong)
2p—— N A S B Vi (k) —1 nénkhi B0 thi lyc tdi han ti€n
T Gi gid tri:

R B , D7
o 1 2 3 4 5 "

1.20. TAam di huéng chiu uén:

1.20.1. Phuong trinh vi phan tdm:
Gia st vé phuong dién tinh dan hoi, vat liéu tAm c6 3 mit phing ddi xitng vudng géc
vdi nhau hay thudng goi 1a vat liéu truc huéng. N&u d6 13 cdc mit phing toa do thi véi trang
thdi ¢ng suit clia tAim (xem ring ;=0 va 7.=7,,=0) thi quan hé gifta &ng sudt — bi€n dang
dugc biéu dién tuy€n tinh qua 4 hiing s6 dan hdi doc 1ap (thay vi 1a 9 trong trudng hgp vat
liéu tryc huéng tdng quat).
o, =E¢e +E"¢,

Cuthé: jo,=E¢, +E"¢, (a)
z-)cy = nyy
Gi4 thi€t tAm van tuin theo cédc gia thi€t Kirchhoff, ta vin cé:
2 2 2
D P AL (b)
ox Oy Oxoy
Thay (b) vao (a), ta cé:
2 2
o=z B0y g0
T Ox oy
, O%w . O*w
O'yZ—Z(EyV"r‘E yj (C)
2
7, =-2Gz 0w
’ Ooxoy

N X g > 7z R P Al A N <
Va dé thdy rang, cdc bi€u thic cia ndi lyc (momen udn va xoan):
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b o*w o*w
M. = o.zdz=—|D.—+ D, —
x J‘—% X X axz 1 ayz
Z o*w 0*w
Mﬁjfé"y-z-dzz‘ Dyy-i_Dl? (1.44)
7 0*w
M_ = r. zdz=-2D_ ——
Xy Jl% Xy Xy axay
r 1.3 E’,.h3 ”. 3 . 3
trong do: Dx:Ex'h D, =— ;Dlzﬂ;va:Gh (d)
12 7 12 12 ) 12

Khéo sét sy cin bing clia phin td tAm (dx,dy) chiu tdi phan bd p nhu muc 1.4. Khi
thay cédc bi€u thitc momen cla (1.44) vao, ta s& nhin dudc phuong trinh vi phan cda tAm di
huéng (tryc huéng) nhu sau:

4 4 4
p, ¥ o(p+2p,)- 22 +p T¥_,
T Ox ~/ ox“oy oy
o'w o'w o'w (14
Hay: |D, e +2Ha 77 +D, e =p| Vv6i:H=D +2D,
x X0y y

Ciing tuong tu nhu tim ding hudng, ta tim dudc luc cit theo ham d6 véng w nhu sau:
2 2
0 - _Q(Dﬁ_wﬁ,a_w)

ox\ " o’ oy
2 2
0, =—=| D, SFn
oy\ oy ox
Trudng hdp dic biét, néu tAim la ding huéng, chi con 2 hiing s6 dan hdi doc 1ap, ta c6:
E=p="_p-YE G-_E
Yol-v 1-v 2(1+v)
3
Vasuyra: |D, =D, :Lz
' 12(1-v?)
3 3
H:D1+Dvy=h—( sz L E jz E.h
T2U1- 1ev) 12(1-07)

Phuong trinh vi phan (1.45) trd vé dang da biét: D V’w:p

Phuong trinh vi phan (1.45) d€ nghién ctu tim lam bing vat liéu tryc huéng va cd
tAm bing vat liéu khdong dong chat nhu bé tdng cot thép c6 dd ciing chdng udn khic nhau
theo 2 phudng vudng goc.

1.20.2. Xac dinh d) cing trong cac truong hgp riéng:
1) Tdm bé tong cot thép:

. N A N N N 9 7z N A A E N A A
Goi Esva Ec lan lugt 1a modun dan hoi cua thép va bé tong, n :E—S;VC la hé so
C

poatxong clia bé tdng va tir trén c6 thé nhan dugc gin ding: v, = ——.
© JEE

Vi tAm c6 cot thép dugc dit giao nhau theo 2 phuong x, y ta ¢6 thé 18y (theo Hubc):
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E

D, = ﬁp& +(n-1)1, |
E
D, == I, +(n-1)1I]
1-ve
. 1-v,
D,=ve\[D,D,;D, == \[D.D,
=vaH=,/DD,
trong d6: I¢,, Is, 12 momen qudn tinh cda vat liéu tAim (bé tdng) va cla cot

thép ddi véi truc trung hoa tai mit cit x=const.
Icy, Isy 12 cdc tri sO tuong ng tai mat cdt y=const.
Khi d6, phuong trinh vi phan c6 dang:
o'w o'w o'w

D —-+2,/D.D +D, =
* oyt xy axzayz ¥ 6y4 p
2) Tdm dang gon séng: Dang séng: z = fsin %
f E, v 1a hiing s& dan hoi clia vat liéu.
h 14 chiéu day tAm, s 12 chiéu dai cung % séng.
/ L X Khi dé, theo Scydel:
z 3
X =1.L2;Dy = El

| | } % s 12(1-v?)

\ \ \ 8

I | | D].:O’H:ZDX}’:EL

‘ ‘ ; 1 12(1+v)
v

2 p2 2
trong d6, 18y gan c‘iﬁng:s=l(l+7z f j;lz S 1 0,81

4] 2 z
1+2, 5(](]
21
3) Tdm duoc gia cd bdi nhitng go ciing cdch déu nhau theo 1 phuong:
(1 0 Theo Hoppman, Huffingfon, Magress:
T %;E X ER
# ’ Do=H=_—7"x
24 | 12(1-v?)
| %
3 i
\| 1 1 1 x p . ER | EI

T1R(1-v) a
véi:  E, vla cdc hing s6 dan hdi vat liéu tAm.
E’ 12 momen dan hdi vat liéu g& cing.
112 momen quén tinh cia gd citng d6i véi
truc d6i xding trén mit cit ngang tAm.
4) Tdm duoc gia co bdi 2 hé thong go vuong géc nhau (mdi hé la cdc go ciing cdch
déu nhau):

Ciing nhu trén: D, =

E.h® VB E.h® LB, E.W°
12(1—1/2) b 12(1—1/2) a, 12(1—1/2)

trong do: I; 12 momen quén tinh clia g& cting theo phuong x 18y véi truc y.
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b; 1a khodng cdch giira cdc go theo phuong truc y.
I, a;1a céc tri sO tuong dng vdi cdc gd gia c6 theo phuong y.
5) Tdm gia cuong vé mot phia béi cdc go citng cdch déu nhau:

( 777Hi 7777777 %E» Gan ding: 112 momen qudn tinh chinh clia mit cdt chit
i igv i Jb]% ¥ T 6 canh rong a; va a=h/H, thi ta c6:
Z7a ! Ea,h’® El
| T - T 1 T T X sz—alh 3 ’Dv :—;Dlzo;ny :D;}yﬁ‘i

B. I 12(a,-1+a’%) " @ 2a,
| I I ! Zz z
i : : ‘ trong do: D;, 1a d6 citng xodn tAm khi chwa c6 gd.
y

C la do ctng chong xodn clia 1 gd.
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2. LY THUYET VO:
2.1. Mot s6 khai niém cua ly thuy&€t mit cong:

2.1.1. Phuong trinh miat cong:
Phuong trinh 1 mit cong c6 thé cho trong cdc dang sau (trong hé toa d6 vudng géc):
+ Dang khong tudng minh: F(x,y,z)=0
+ Dang tudng minh: z=z(x,y)
xX= x(u, v)
+ Dang tham s6: < y = y(u,v)
z= z(u, v)
Trudng hdp thong thudng, trong thuc t&, ta xét 1 mit cong trong hé toa do vudng goéc
va dudc xdc dinh bdi phuong trinh: z =z(x, y)

z=z(x,)) Tai di€ém P bat ky thudc mit cong, cdc dao ham bac I va bac Il
Z z
Pxy2) ciia ham mat cong ¢6 y nghia quan trong trong viéc 1y thuyét
L } mdt cong. Theo cdch ky hi€u Euler ching sé 1a:
| | |
- - Oz
e Ox
A R v y= oz _,
o 7
Va ciac dao ham bac II la:
i
ot "
0%z
§= =4y
Ox0y ’
2
t= a—f =7,
oy -

2.1.2. Mt phing ti€p xiic va phap tuy&€n mit cong:
Cic ti€p tuyén cda cdc dudng cong di qua diém P bat ky thudc mit cong s& déu nim
trong 1 mit phang xdc dinh. P6 12 mit ti€p xiic cia mit cong tai diém P.
z n Phuong trinh clia mit ti€p xtic nay la:

@ ~p(&-x)-q(n-y)+¢{-2z=0
i trong d6: x, y, z 1 toa do clia di€m P thudc mit cong.

£, M, ¢ 1a toa dd di€m bat ky clia mit phing

|
' |
O- i ’
i Lo dépxic.
L/ i/’ Phdp tuy&n mit cong tai diém P 1a phdp tuyé&n clia mit phﬁng

X ti€p xtic véi mit cong di qua P.

Cosin chi phuong clia vectd phap tuyén nay:
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2.1.3. C4c thi€t tuy&n va ban kinh cong cta chiing:

|ﬁ| \/1+P2 +‘]2 A :1/1+p2 +q2 : d6 do cia mit cong

Cho diém P bat ky thudc mit
cong va ti€p tuyén e qua P. Gia
st ti€p tuyén e c6 cosin chi
phuong 1a (a,b,c). Xét 1 mat
phing bat ky chita ti€p tuyén e.
Giao tuyén clia mit phing nay
v6i mit cong 1a 1 dudng cong
phing dudc goi 1a thiét tuyén
nghiéng. Pd cong tai P cida
dudng cong phing nay la:

G(p:i: ra’ + 2sab + th?

R, cosp\1+p*+q°
trong doé: ¢ la géc nghiéng tao
bdi phdp tuyén mit cong n va
phdp tuyén cla dudng cong
(thi€t tuy&én nghiéng) dang xét
cling tai P.

Trong vd s6 mit phing chia thi€t tuy&n e c6 1 mit phing vira chia e va vira chita ca
phdp tuyé&n n clia mit cong. Giao tuyé€n clia mit phing ndy v6i mit cong cho ta thiét tuyén

thing géc (hay thiét tuy&n phap).

Bén kinh cong ciia thi€t tuy&€n thing géc va cédc thi€t tuyén nghiéng c6 quan hé vdi

nhau theo dinh 1y Meusnier nhu sau:
R,=R, COSQ

trong do: R,12 bédn kinh cong clia thi€t tuy€n nghiéng.
R, 12 ban kinh cong ctia thiét tuyé&n thing géc.
@la gbc nghiéng giita cic mit phing clia 2 thi€t tuyé€n nay.

2.1.4. Bén kinh cong ciia thiét tuyé&n thing géc:

Ung v6i mot ti€p tuyén e cho trudc, ro rang ton tai thi€t tuyén thing géc ¢6 ban kinh

cong dugc tinh qua cdng thic:
1 ra’® + 2sab + th*

G =— (trong trudng hgp nay ¢=0 = cosp=1)

n

R, B \/1+ pPi+q’

Nhu vay, khi thi€t tuyén e quay xung quanh phdp tuy&n n clia mit cong tai P (tic la
khi mit phing clia thiét tuyén quay xung quanh phdp tuyé&n n) thi ta nhin dudc cdc gid tri
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khdc nhau cdia ban kinh cong ctia cdc thiét tuy&n thing géc. Quy tich clia gia tri cdc ban kinh
cong nay la mot dudng cong bac II (dudng cong Depin) ma dudng cong nay s€ la:
+ 1 duong Ellip khi P1a 1 di€m elliptic.
+ 1 dudng Hyperbol khi P 12 1 diém hyperpolic.
+ 1 dudng Parabol khi P13 1 diém parabolic.
Tic 1a thy thudc vao diu clia dinh thic:

rs

(4<0)

S — 2
/ A

a : 1

, N

/ Diém elliptic DPiém parabolic

Céc dudng cong Dupin ludn ton tai 2 truc chinh ma tuong Gng vdi chiing 1a 1 phuong
clia cdc ti€p tuyé€n tng v4i thi€t tuy€n thing géc c6 ban kinh cong dat gid tri max va min.
Céc thiét tuy&€n nay dugc goi 1a cdc thi€t tuyén chinh. Cdc mit phing clia 2 thiét tuy&n chinh
vudng géc nhau. Gid tri bdn kinh tuong Gng clia cdc thi€t tuyén chinh dugc goi 1a ban kinh
cong chinh, ky hi€u la Ry, R».

N&u biét cdc gid tri ban kinh cong chinh Ry, R, thi c6 thé tim dugc gid tri ban kinh
cong clia thi€t tuyé&n thing géc R, néu bi€t géc nghiéng « giita mit phing dang xét va mit
phing chita thi€t tuy&n chinh.

+ Trudng hgp cic di€m 12 elliptic va hyperbolic thi: Ri = Coj: & S”;: e
1 2

a

2
+ Trudng hgp cdc di€m Parabolic thi: Ri = CO; &
1

”

Chii y:  XuAt phét tir cong thitc xdc dinh bdn kinh cong clia cc thiét tuyén thing géc

ngudi ta dua ra cong thitc xdc dinh cdc ban kinh cong chinh va tir d6 ¢4 c6ng thic xdc dinh
cosin chi phuong cla ti€p tuy&én mit cong tuong ng cac thi€t tuyé&n chinh.

e Ngoai ra, li€n quan t&i ban kinh cong chinh nay, ngudi ta con dua ra cdc khai

niém sau:

2 — 2
+ D0 cong trung binh: G, = %(%+Rij (1+q2)(1 212)qs Jrz()ls/:p )i
1 2 +p +q
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_ rt—s2

+ D0 cong Gauss: G =ii =
R R, (l+ P’ +q2)
Va d6 cong Gauss sé& xdc dinh dic tinh cla diém dang khdo sit 1a:

++ Diém elliptic néu Gg>0

++ Pié€m hyperbolic n€u Gg<0

++ Diém parabolic né€u Gg=0

2.1.5. Cac duong do cong: (Lines of curvature)

e Cic dudng dd cong la cdc dudng cong trén mit cong ma tai moi diém clia né dudng
cong ndy ti€p xdc vdi 1 thi€t tuy€n chinh.

e Ngudi ta cling di chi ra ring: 12 moi di€m trén mit cong ludn c6 2 dudng dd cong di
qua va ching vudng géc nhau.

Vi du: Trén mit ciu, ciac dudng kinh tuy&n va vi tuyén la cdc dudng do cong va ta ludn
1udn chi ra dudc 2 duding kinh tuy&n va vi tuy€n vudng géc nhau di qua 1 diém cho truéc nio do.

2.1.6. Phan loai két cau vé:

Thudng st dung dd cong Gauss d€ phan loai k&t ciu vo:

1) V6 ¢6 @6 cong Gauss duong (Gg>0) xem nhu dugc hinh thanh bdi 2 truc dudng
cong cling huéng. Vi du cdc mai vom ciu (spherical domes), cic v elliptic
paraboloid.

2) Vo c6 do cong Gauss bing 0 (Gg=0) dudc hinh thanh bdi 1 ho dudng cong. Vi du
cédc vo tru, vé hinh con.

3) V4 ¢6 dd cong Gauss 4m (Gg<0) dugc hinh thanh bdi 2 ho dudng cong cé hudng
ngugc nhau.Vi du v hyperbolic paraboloid va vo hyperbol tron xoay.

R,

Quan trong rang: hiéu Gng bién dnh hudng 13 rit khac nhau dén cic dang v nay.
+ O loai v4 c6 dd cong Gauss duong, 4nh hudng clia bién ¢6 xu hudng gidm rat nhanh.
+ O loai v6 ¢6 dd cong Gauss 4m, 4nh hudng clia bién lan r't rong trong pham vi v4.

2.2. Ly thuyé&t v6 mang (vé phi momen):

2.2.1. Caic gia thi€t cd ban trong 1y thuyét vé mang:

Trong ly thuy&t vé phi momen, ngudi ta thita nhan cdc gid thi€t sau:

e Vatlidu vo 12 ding huéng va tuan theo dinhluat Hooke.

e B& day v4 12 nhd sao cho do citng uén bd qua duge hay néi cich khic 1a ta béd qua
cdc momen udn xuit hién trong vo.

e C4c (tng suit trong v4 12 phan bd déu theo chiéu day vd va hdp luc clia ching 13 cdc
ndi lvc mang s& nim trong mit phing ti€p xic véi mit trung gian clia vo tai diém khao sat.
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e Doc theo bién v4, cdc phdn luc cling c6 phuong ti€p tuy&n v6i mit trong khdng gian

e C4c bi€n dang do lvc mang sinh ra khong bi cdn trd.

T4t nhién trong thuc t&, khé c6 thé ddm bao tat ca cac diéu kién nay dudc thuc hién,
do dé 1y thuy&€t mang chi m6 td mot hé ndi luc véi mic dd chinh xdc ¢6 gidi han (dic biét tai
vung bién vo).

Xét vd c6 @6 day khdng ddi h. LAy ra 1 phan td c6 hinh chi€u 1én mit phing Oxy la
chit nhat dxdy. Cédc thiét tuyé&n thudc cdc mit phing song song vdi cdc mit phing toa do Oxz
va Oyz c¢6 cdc ban kinh cong 1a R, va R,.

Qua hinh trén, d& thay ring:
dy R, +v
dy R dx R

v X

A z ~ < N z z P . N 2 - N
Trén cic mdt cat nay c6 cdc tng suat o,,0, &7, ,,7, ma hdp lyc cia ching la:

dx R +v

va

y
1 ¢t u %
N =—|20c.dvdy=|30c..|1+— |dv
x dyj_z x y _[_Z x( Ryj

’

Theo gid thiét trén, cdc ng suit trong v4 1a phan bd déu theo chiéu day v4 nén:
h
2
=o_.h

h 2
N, = O'XJ.Zh (1+lj.dv =0, |:V+ Y
27 R 2R,

y ,

X

_h
2

Tuong tu, ta co:
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2.1)

Va theo ludt ddi dng cla Gng sudt ti€p z,=7, thi Nyy=N,,. Nhu vy, theo cdc gid thit
thi trén 1 mit cit bat ky cla mit trung gian, cdc luc mang gdm luc phdp va luc ti€p sé ton tai

va niim trong mit phing ti€p xic v6i mit trung gian.
2.2.2. Ly thuyét mang trong hé toa do vudng goc:

2.2.2.1. Hinh chiéu néi luc hay néi luc quy chiéu:

Nhu di bi€t & trén, trong qué trinh nghién cfu trang thai mang cda v4 thay vi tim cédc
rng suat thanh phin ta c6 thé tim cdc ndi lyc thanh phan, cu thé:
N.=ho,N,=ho, &N =N =hrt,

/
Néu chd y 1a: ﬁ=c0505;d—y=cos,8 thi dé thdy ring:
ds, ds,
N _.ds
nvz( - *)c sq =N, 8%
} fy cos f
d cos
Tuong ty ta c6: |n, =N,.cos > :Ny—’B
dx cosa
ds, cos
n,=N,.COSf—==N_ 0sf _ o
dy cos f
nw = Nyx = ny = nx)

Viéc lya chon hé vudng
gbc, toa do hay hé toa do
tv nhién dé€ nghién ctu
ndi lyc trong v tuy chon
vao viéc lam don gidn
hay khong qud trinh
nghién cttu nay. Ngoai
ra, ta dua vao cac khai
niém ndi luc quy chi€u
(nx,ny,nxy) 1a hinh chi€u

cia ndi luc  that
(N,,N,,N,) lén mat

phing xOy va quan hé
gifta ndi lyc thyc va hinh
chi€u ciia né, tic ndi luc
quy chi€u c6 thdy nhu
sau:
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Né&u miit trung gian cla vd ¢6 phuong trinh: z = f(x,y) thi tang cdc géc nghi€ng giita
cic ti€p tuyén clia cdc thi€t tuyé€n song song v6i cac mit phing toa dd Oxz va Oyz la:

tana:%zp;tanﬁza—zzq
ox

va: cosa= ! _ cosf= ! _
\/1+tan2a \/1+p2, \/1+tan2,8 \/1+q2

Viy cudi cling ta ¢6 thé c6 cong thifc quan hé giita noi luc va nodi luc quy chi€u 1a

n. =N

X

=
+
Q9

~N

1+ p2

4N

1+p2

y y\/ﬁ

n,=n,=N_=N

x xy »x

S
I
=

2.2.2.2. Phuong trinh vi phdn ciia vé mang — Ham iing sudt:

Xét v6 ¢6 phuong trinh mit trung gian z= f(x,y) chiu tdi trong mit bat ky ¢6 3
thanh phAn ma cudng dd trén 1 don vi dién tich trong mit phing xy la:

X = X(x,y)
Y= Y(x,y) 2.3)
Z = Z(x, y)

va dudc goi 1a tai trong quy chi&u.

Véi phuong trinh tdng hinh chi€u cdc lyc 1én truc Ox va truc Oy thi c6 thé thdy 1a dé
dang nhan dugc bing viéc st dung hé ndi lyc quy chi€u. Cu thé:

an anvx
2X=|\n+—dx|dy—-ndy+|n,_ +—
Yoox y T oy

]dx - nyxdx + Xdxdy =0
on
Rt gon lai ta dudc: %-‘r—yx-i- X=0

a

M (a)
A on,,

Tuong tu, tir dieu ki€én 2Y=0, ta c6: —

on,
+—+Y =0 (b)
ox Oy
Dé& xét tdng hinh chi€u céc luc 1én phuong z, ta chi y ring:

e N&u trén canh trdi cia phan t& vé c6 N, tdc dung 1&én cung ds, thi phan chi€u
1én truc z clia Ny trén canh chi€u dy tuong Gng s& 1a nyp (hinh vé).

e That vay, phan chi€u clia N, trén truc z phdn bd trén dy s& 1a:

Nds sina sina cosa

cosa Sina
dy

B . =N, : =n tana=np
cos f cosa cos f cosa

e Va khi d6, trén canh doi dién cta phin t§ vé ¢6 (N, +0N,) véi phan chi€u

. A B o(n,p)
1én truc z trén canh dy tuong Ung s€ 1la: n_p + 3
x

e V§i cich suy luin tuong ty ta c6 thé tim dugc tit cd cac phdn chi€u 1én truc z

clia tit ci cdc luc mang tic dung trén cdc canh clia phin t& dang xét c6 k& t6i gia s§ clia

chiing thdng qua cic luc quy chi€u. Cic thanh phin chi€u nay dudc biéu dién trén hinh vé.
e Dé&n day, ta dé thiy ring:

dx
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ZZz{n o(np) , }1 d [ o )d ]d d
xp+ X y nxp y+ nq+ y X — nq X +
Ox oy

o(n,q)
ox

8(n}wp)
+| n,q+ dx |dy—n, qdy+ nyxp+Tdy dx—n,, pdy+ Zdxdy =0

Sau khi don gidn va chia 2 v€ cho dxdy, ta c6:
o(np) 3(ng) 2(nya) o(n.r)
ox oy ox oy
e Thyc hién phép dao ham, vi du (v6i viéc st dung ky hi€u Euler:
0%z 822 9z
= _Z’S = — = —_— )
ox axay oy*
0
(np) _on . o _on
ox ox ox Ox

+Z=0 (©)

Thi phuong trinh hinh chi€u 1én phu’dng z ¢6 dang:

8x oy
St dung cdc phuong trinh tong hinh chi€u 1én truc x & y da c6 (phuong trinh (a) va
(b)), ta s& nhan dugc phuong trinh tdng hinh chiéu 1én truc z (c) trong dang:
rn,+2sn, +tn, +Z—-pX-q¥=0

Biing cach dwa vao ham tdi trong Vvéi: V =Z - pX —qY 2.4)
Cudi cuing ta c6 phudng trinh:
rn, +2sn, +tn, ==V (2.5)

0 phuong trinh nay van con 3 4n, vi vay, Pucher dd dua vao 1 him mdi goi 1a ham
ting sudt F(x,y) nhim qua d6 c6 thé c6 1 phuong trinh vi phan cip 2 thay th€ hé 3 phuong
trinh vi phan cin bing trén. Theo Pucher, hAm ¢ng suit F(x,y) 1a hAm c6 quan hé véi cdc ndi
luc quy chi€u nhu sau:

8 F
n.x
n, = (2.6)
n, = O°F =n
Yoooxoy "

R6 rang dé thdy ring; khi d6 cdc phuong trinh vi phan cin bing (a) va (c) dudc thda
min, con phuong trinh vi phan cin bing theo truc z s& 1a:
O°F 0 F . 82F
r —2s =—V+r|Xdc—t|Ydy=-0(x, 2.7
oy’ 6x8y 8x2 '[ J. 4 Q( y) (&7
trong d6: ham Q(x,y) 8 v€ phdi l1a xdc dinh n€u tdi trong va mit vo.
X=0vaY=0

V=Z=g(x,y)

Trudng hgp vé chi chiu tdi trong thing ditng, tic 13 khi: { thi phuong

trinh vi phin vé mang s& don gidn la:
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2 2 2
ra};—ZsaFthaf:—Z:—g(x,y) (2.8)
oy ox0y  Ox
Hay nhu tai liéu c6 cdch vi€t khdc la:
z F -2z F +z F :—g(x,y) 2.9)

ot yy v’ Xy W oxx

trong d6 cdc chi s6 x, y chi dao ham riéng theo x hay y.

Céc phuong trinh (2.7) hodic (2.8) 1a cdc phuong trinh vi phan ham ¢ng suit clia vd
mang trong hé toa d6 vudng géc. Cic phuong trinh nay ciing thudng dugc goi la cdc phuong
trinh Pucher.

Nhan xét:

e Nhu viy, trong hé toa do vudng goéc, phuong trinh vi phin vé mang la 1 phuong
trinh vi phan dao ham riéng ciAp 2. Trong phuong trinh chita 3 him diéu kién trén 2 bién ma

Z(x, y) ‘ham bémitvd
cu thé 1a: { F(x, y):ham ¢ngsudt

O(x,y):hamliénquan tditrong va c bé mit vé

2.2.2.3. Diéu kién bién:
e Truong hop canh bién tu do: d& thiy 1a khi d6 trén O

. 2 X
bién hay trén hinh chiéu ctia n6 1€n mit phang Oxy ta c6:
2 2 o
O°F . O°F
n,=—=0 va n, =-— =0
ot onot b
Khi v4 chi ¢c6 1 doan mép tu do thi diéu kién bién din n
téi: t
y
a—on&a—F:O:trén bién
ox oy

Vi viéc thém b6t vao ham tng suat F(x,p) cdc s6 hang bic nhit khong dnh hudng téi
ndi lvc mang nén tr d6 ta c6 thé tha'y cdc diéu kién bién trén tuong duong véi diéu kién:
F = 0: trén bién tu do
e Truong hop bién tua trén cdc lién két nita ciing: (cic dim dd c6 do ciing udn nhd:
cdc tudng dd thing ditng) tiry thudc sy 1am viéc cu thé ma c6 cic diéu kién bién cu thé:
+ Trudng hop vé dudc dit trén tudng dd thing ditng sao cho phan luc ..... ndi
véi tudng d3 tuong tng bing 0 tai chu vi: thi ciing tir diéu kién:
O°F
n =
"o

bién

=0 = ciling tuong duong F =0 trén bién

e Truong hop bién tua cd dinh: khi d6 tOn tai 2 thanh phin n, va n,, trén bién (ta s&
xét sau trong cc trudng hdp két cdu cu thé va s& phdi xét t6i ca bién dang).

2.2.2.4. Tdi trong ciia vé mang:
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Né&u nhu trén da néi, phuong trinh vi

phan cia vo mang trong hé toa dd vudng goc

Q
chita 3 ham tdi trong 12 3 thanh phan hinh g 7
chi€u cda tai trong 1én mit phing nim ngang } ¥
Oxy trén 1 don vi dién tich mit bing d6 la: ‘Y
\

X (%)Y (x,)&Z(x,p) Y

N&u goi py, py, p-12 gid tri cla tdi trong ;
tdc dung 1én 1 don vi dién tich bé mit v theo |
3 truc toa dd x, y, z thi gitta ching va cdc thanh |
phin X, Y, Z (trén 1 don vi dién tich mit bing }
Oxy) c6 quan hé sau: \

-y
Y=1p, (2.10)
Z=Ap.

trong d6: A =+/1+ p* +¢* : dd do mit cong, vdip :%,q :%
X v

e NE&u trén vd chi c6 tdi trong vudng géc bé mit vo tic dung va cé cudng do n thi 3
thanh phan hinh chi€u ctia n6 1&n 3 truc toa do la:

px=—n§ (vip,=ncosa)
q \
p, =—nz (vz p, = ncosﬂ) (2.11)

1 .
P. =—nz (vip. =ncosy)

va tlr d6 ta tim dudc 3 thanh phan tdi trong quy chi€u (trén 1 don vi mit bing Oxy) la:

X=Ap,=-np
Y=Ap, =-nq
Z=n

e Trudng hogp tai trong l1a trong lugng ban than c6 cudng do 1a g, (trén 1 don vi dién
tich mit vo) thi ta hi€u 1a di cho:

p. =0 X=0
p, =0 viy {Y=0 (2.12)
P.=8 Z=gl=¢g

2.2.3. Ung dung Iy thuyé&t v6 mang trong hé toa d¢ vudng goc:

VO HANG GA
1) Hdng ga véi mdt cdt ngang bét ky:




Khi d6 phuong trinh 1a: z=£(y), trong dé: f{y) 12 hAm bat ky cia y.
+ Trudc hét ta xét truong hop vé chiu tdi trong thdng ditng. Khi dé: z=g(y),
Phuong trinh vi phan cla vd mang theo (2.8) la:

2 2 2
raF—ZsaFﬂ‘aF:—Z:—g(y) (a)

oy’ oxdy  Ox°

0%z 0%z 0%z ° . 0
véiir=—-s=——t=—>=f"(y)=f" (d€ don gidn, ddu ' dé chi dao ham theo
ox? Ox0y oy’ r)=s ( g y)

2
Thay r, s, t vao phudng trinh vi phdn vé mang, ta c6: "' = 2 IZ =—g(»)
x
2
Hay: 0 ]Z :__g(i/) =n,
Ox f ’
62
Tich phan 2 Ian ( P j theo bién x, ta dugc him F trong dang:
x
g(y) »*
FZ—%?-FCl(y)Xﬂ‘CZ(y) (b)

cdc hing s6 C,(y)&C,(y) dugc xdc dinh theo di€u kién bién cla bai todn.
T ham @ng suit (b), ta ciing c6:

=20 (B 2 ey

X ayZ fu 2
O°F g(») ’
= = — —C,
nx,v axay ( fu x 1(y)

Gid st 2 mép diu va cudi hing ga 1a 2 sudn khong c6 do ciing udn theo huéng x hay
ndi cich khdc trén 2 mép v4 1a khong c6 ny, ticla: n, =0 trén x = J_r%

Cu thé hon ta cé:
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s W o,
n, V%=O:>—[¥} §+C1(y)E+C2(y)=O
Wk
nXxyZOD—[iy) —Cl(y)—+C2(y)=0

) ) g(y) " hz
T day suy ra: Cz(y)—{ " } 8

C(y)=0
Vi C{(y)=0nén C{(y)=C =const. Tuy nhién, do tinh chit ddi xdng ciia bai toan

nén lyc ti€p ny, phdi bing 0 trén mit cdt doi xiing x=0. Do vy, ta lai c6:
y =0, suyra: C/(y)=C=0

n

)C_VX

Cudi cung, ta lai c6 két qud 1a cdc bi€u thitc cho cdc nodi luc mang quy chiéu:

__8)
y fu

(55

+ Tuong tu, ta ciing tim dugc ndi luc Q —
do tdi trong gié: Xét trudng hgp g6i thdi n=nesinf
theo phuong y vao v4, khi dé thanh phin
theo phuong x 1a khéng c6. Cudng d6 tai
trong do gié theo phuong y la no (tr quy
pham). Viy gi6 da tic dung mot tdi trong
vuong goéc vG6i mit vd véi cudng do: \
n=n,sin # (xem hinh v&).

-

Va theo (2.11) cdc thanh phan tdi trong quy chi€u (trén 1 don vi dién tich mit biing

Oxy) la:
x=0 (Viq:%:oj
Ox

Y =—ng =—-nysin ftan

Z=n=n,sinp
Phuong trinh vi phan him Gng sudt (2.7) c¢6 dang:

2
f”E;TIZ =V + f"| Ydy

Theo 2.4): V=Z-pX—-qY=Z-f'Y
Nén (2.7) dua vé dang:

[ =2y f [ vay
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2 ",
Tir d6: a—f=u+jydy
ax f/l

Cudi cung, theo (2.6) va sau khi k€ tdi diéu kién bién, ta c6 cdc bi€u thitc ndi luc
mang quy chiéu:

2 'y _
nV:aIZ—‘[Ydy:fY z
J ax f”
2 'y !
nwz—an— S Y-z +Y |x (2.14)
" Ox0y f"
2 Ay 2 g2
nx:af_Idez fYNZ +£ x__h_
oy f dy |\ 2 8
2) Hdng ga vdi mdt parabol:
Ta c6 thé st dung cic k&t qua trén vao hing ga c6 mit cit 1a parabol bac 2.
Gia st phuong trinh miit cdt hing ga dugc cho trong dang:
c o2 4fy > . 8]‘/)
= — = 2 l]’ — 0
z 2y 2 y (t cc 12
C6 cac dao ham: 0 -
Iy

z’:tanﬂzcyz%y

n 8f
z :c:l—zo z
/Iz\/1+p2+q2 z\/1+czy2 ;
cos f = ! = !
. Jl+tan? B \1+c%)?
Ngoaira, (
sin f = anp o

Jl+tan? B \1+c%)?
V6 chiu tdi trong bdn théin:
Cudng do tai trong bdn than (trén 1 don vi dién tich mit bing Oxy):

g(y)ngl=gbm=i

cos f
trong d6: g, 1a trong lugng trén 1 don vi dién tich bé mit v4.

St dung cdc k&t qua & phan 1) trén ta dugc:

ny:_g(—")::_& 1+Czy2:_i
f c c.Cos 8

oy

”[xz hz
n,=—|="—">|=-—|=g,———==x=g,xsinf
f {f} 2 8] eyt

' 2 2 2 2
(a2
f (1+czy2)3 2 8 2 8

SN
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Pé€ tim cdc ndi lvc mang, ta st dung cong thiic quan hé giita cdc luc mang va luc quy
chi€u (8.2), ta nhan dugc:

Vi+g g g
N, =n, =nJl+c°y" =-2L(1+c°)° ) =——22
o e d c( y) c.cos’ f

N,=n,= g,xsin

J1+p? 1 x*
N, =n, P =n, =-g,c.C08" B| ———

\/l+ q° \/1+ c?y? 2 8

Vo chiu tdi trong gié: véi hing ga cao, tdi trong gié duge xem 12 tai trong phan xing
va vudng goc véi mit vo véi cudng d n =n,sin

Nhu trén muc 1) di ban, cdc thanh phin hinh chi€u clia ti€p tuyé&n gié trén 1 don vi
dién tich mit bing Oxy la:

X=0
Y =—ng =—-nytan gsin g
Z=n=n,sinp

Ciing tir cdc bi€u thitc ndi lyc quy chi€u § 1) , ta c6 trong trudng hop nay:
_ mtang _ nmyy

Y ccospB cospB

HoJ
. :n01+25|n ﬁx
cos S
2 2
; h
n. =n.esin B(3+2cos? B)| =+
Tir day, sit dung (2.2) ta ¢6 céc bi€u thic tinh ndi lyc mang tdc dung trong vo:
__
Y cos’ B
Th2
N, =n, =n, 1+2sin° g
’ cos
x* b
N, =nocsinﬂcosﬂ(3+2cos2 ﬂ)(7+§j

Chii y: ¢ C4c biéu thifc xdc dinh cdc lyc mang clia vo hing ga c6 mit cit parabol cho
cédc gid tri chinh xdc va thudng khong gip khé khin gi nhiéu vé phuong dién todn hoc. Tuy
nhién nhé 1a trong nhiéu trudng hgp do biéu thic cla gla g =g,v1+2z”° nén viéc tinh todn

thudng khong don gidn. Khi d6, ngudi ta c6 thé 1dy gan ding: g=g,V1+z% 0 g, (1+%zzj

C 1 1 . . N )
vi khai trién 1+ 2z =l+Ez'2 —§Z'4 +... dugc l1ay 2 sO6 hang dau. Ngoai ra, cdc luc mang

nhan dugc tir ti trong g gin diing nay 12 khong 16n hon gi4 tri bai todn véi tdi trong thyc tai
moi diém trén vé. Do vay, viéc don gidn héa nay thién vé an toan.

e Khi vé 1a thodi (% < %) thi bd qua tdc dung cla gié 1€n vo.

Vi du tinh todn: Tim ndi luc mang v4 hing ga c6 mit cit ngang 1a parabol bac 2 (nhu
hinh v&) chiu tdc dung clia trong lugng ban than va tdi trong gi6. Céc s6 lidu tdi trong 1a:
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+ Trong lugng 1 don vi dién tich vo: (0 3
2 =175kg/ )
o . ke f=10m
+ Ap luc gi6: ny =n,, =100 412. P

+ Ngoaira, f,=10";/=12",h=24"
[=12m

Gidi: e TruSc hét ta can xdc dinh cdc gid tri quy chi€u clia cdc tai trong trén 1 don vi

dién tich mit bang Oxy:

2
+ V&i trong lugng bén than: g =g, , [1+ {gyj (c = 814 = gj

. 5
Zg =ngsmﬂ=ng§$
1+ =
(9yj

+ V§i tai trong gi6:
5 ) 1
Vo=on | oy | ——

5 2
1+ —
(9y)

+ V6i trong lugng bdn than: | N = —315(1+§y2j

e Str dung cdc bi€u thic tinh lvc mang & trén:

N, =97,2

N

S

S
|
|
|
|
|
|
|
|
|
|

——+—

BN

S

S
1
|
|
|
|
|
|
|
|
|

——+——

175
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Ny (kg)
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— 8000
6000
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-5000
2000

N, (kg)
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-4000
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-8000

toadoy (m) Toa do x (m)

Bi€u do phan bd cla lyc mang N, N, N, do tdi trong gié gay ra.

2.2.4. Ly thuyét mang trong hé toa do tru

2.2.4.1. Ly thuyét chung:

Trong thyc t&, ngudi ta thudng st dung cdc v4 tron xoay, khi
dé dé don gidn va thuin tién, ngudi ta s& dung hé toa dd tru.
Phuong trinh mit vé dugc cho bdi: z=f(r), con ham dng suat thi:
F =F(r,p). Va phuong trinh vi phan ham tng sudt trong hé toa do

tru nhan dugc tir viéc thuc hién phép ddi bién la:

F.7+7, (F, +%FWJ - [z, (Jyrar+[] errdq)ﬂ =V (v.¢) (2.15)

¢ day: X(r.@).Y(r,¢)&Z(r.p) la cdc thanh phan theo phuong ti€p tuyén,
phuong ban kinh va phuong thing ditng trén 1 don vi dién tich mit bing Oxy cia tii ngoai
(cdc thanh phan quy chi€u cda tdi trong).
Va quan hé giita cdc ndi lvc mang quy chi€u va ham tng suit la:

n, Zr%FW +%Fr —%(IYrdr+Ijerrd¢))
n,=F, - Xrdp (2.16)
ny :richo _%Fw
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Néu goi o la géc nghiéng gifta ti€p tuyén clia dudng sinh
qua diém khdo sit va phuong ngang (nhu hinh vé&) thi cic luc
mang va cic luc quy chi€u clia né ¢6 quan hé sau:

n, =N _COSa
N
n,=—= 2.17)
CoOSo
n.,=N,

e Diéu kién bién:

Lién k&t trén bién vo tron xoay thudng ciing 1a ddi xdng
truc nhung ciing c6 thé khong ddi xding truc khi bién vé c6 mit
bing 14 cdc da gidc déu hoic khong déu (hinh vé).

Trudng hgp dic biét, khi bién vo la dudng tron va ban
kinh 13 d6i xitng truc cd vé lién k&t va ti trong thi ham ¥ng suit
chi 1a ham cda 1 bi€n r, khong phuc thudc vao bi€n ¢ . Phuong
trinh vi phan ham @ng suat 1a phuong trinh 1 bi&n.

Khi bién vé c¢6 mit bing 1a cdc da gidc thudng , mép bién
dudc ciu tao tua trén cdc dam bién va cdc dim bién nay dudc
xem nhu khong chiu luc phdp clia vé truyén vao. Him ng sud't 1a
ham clia 2 biénr, ¢.

2.2.4.2. V6 tron xoay chiu tdi doi xiing truc:

Khi v4 1a tron xoay c6 lién két ddi xing truc va chiu tdi trong d6i xing truc thi dé

thdy riing ham @&ng suat chi 13 ham clia r.
Gié st tai trong 12 thdng déng va dic trung bdi ham batky: Z = g(r)

Do bai todn 1a d6i xtng truc, ham @ng sudt1a ham cla rnén F,=0& F, =0. Va nhu

vay, phuong trinh ham vi phan ham tng suit (2.15) c¢6 dang:
Fz +Fz =-rZ= —rg(r)

rr—r

Vi: F,z, +F,z, =(F,z ) nén phuong trinh (a) vi€t lai 1a: (F,z,) =-rg(r)
Jrg(r)dr +C

z

r

Tu do,tacod: F =—

r

Va theo (2.16), cdc luc mang quy chi€u la:

dr+C
r r.z,
dr+C
yop | J0)Cl a
dr r.z, dr
n,,=0

trong d6: C 12 hiing s6 tich phan dudc xdc dinh tir diéu kién bién nhu dudi day.
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Va cdc phdn luc lién k&t nay cé phuong
ti€p tuy€n vdi vo tai mép bién va cé thé tim dudc
tr tai trong da cho (hinh vé).

Hdp luc cia tai trong thing ding tic dung
16n vé d& thily 1a:

G=I27Z’I"g(l’)dl"=27l"|.;0 rg(r)dr
0
Phan lyc thing ding V trén 1 don vi dai
bién:
G __J.:rg(r)dr
27k, - A

V=- (©)

Mit khéc, phdn lyc thing ding V nay ciing
tinh dugc tr Ivc mang quy chi€u n,, d6 1a quan hé:
V=ntano,=n,z, (ro)

=z, (1)
o
Vay, tu day suy ra, trén bi€n r=ry:

Vz—[rio‘[:]rg(r)derrg} (d)

d.
trong d6: tanr, = d_Z
r

0

So sanh (c) va (d) , suy ra: C=0

2.2.4.3. Vo paraboloid tron xoay vdi bién tron:
izrz =ar® (
a

Qe
Cu
oo
<
K
Il

Xét mot paraboloid tron xoay c¢6 phuong trinh z =

Tinh sdn cdc dao ham: z, =2ar;z,, =2«.

Xét v chiu tdi trong doi 8,
xtng truc: Do diéu kién bién lién ¢
két & mép vé ciling ddi xing truc
nén st dung dugc phuong phap vira o ro j f
néu trén, tic 1a tr viéc khdo sit sy e
cin biing cda phin vd (phia trén) \ \
dudc tinh ra bdi mit cit ngang bat . |/ S
ky song song mit phing Oxy. Khi
dé:

jrg(r)dr

' 2ar?
va n, = di(rnr)
r

e Trudng hop tai trong quy chi€u phan bd déu cudng dd gy (hinh vé):

Jredr _gofrdr g ()& &G
2ar° 2ar° 2ar° | 2 !

.=

4o 2ar?
+ N&u vd khong c6 16 chi€u sang tu nhién thi tir diéu kién bién tai dinh (r=0)
thi noi lyc mang khong thé c6 gid tri oo, ta suy ra C;=0.
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2
3 a
Vay: nrz_f_oolz_ng
2
n =i(rdr):_&:_goa
"odr da 4f
n,,=0

+ N&u v4 c6 18 chi€u sang tu nhién c6 ban kinh b va mép 16 khong c6 dim
vong thi ta xem mép v4 1a tu do tai r=b. Do d6, c6 diéu kién bién:

g [
=g 5ealo

2
Tu doé, ta nhdn dudc: C, = —b?

2 g2 2
Vay: |n, :_&z[i]:_&+&

n

,=0=n,

lr

2ar 2 4o dar?
&o b’
=(nr) =—2*|1+—
n€0 (n'r)r 40{[ 72]

n,, =0
e V4 chiu tdi trong ban thin:

Né&u trong lugng ban than cda 1 don vi dién tich mit vd 1a go thi thanh phin

thdng ding quy chi€u hay cudng d6 clia tdi trong theo phuong thing ding trén 1 don vi dién

tich mit bing Oxy 1a g va: g = g,\1+z° = g,N1+4a’r?

PE tranh cdc kho khiin trong tinh todn sau nay do cdng thifc chifa cin bic 2, ta
s& st dung biéu thic khai trién gin ding nhu sau:

2
ghg, [1+ %} =g, (1+ 2a2r2) =g, +g,2a°r"

Hay:gll g, +g7°  trong dé: g, =2a’g,
Véi nhan xét ring ndi luc mang quy ddi do s& hang thit I ctia biu thic ti
trong g da xét § trén, nén cdc thanh phin lyc mang do s& hang tha II g;»” duge xét riéng &
day nhu sau (chd ¥ do riéng s& hang g,rz):

n,=-—

”

}"4
—+C,
[re(r)ar  Jgriar g1(4 ] gl(z 4@)
7 2 2 e I
2ar 2ar 2ar 8a r

Ciing nhu di xét & trén, néu vé khong c6 10 thi Co=0 va néu vd c6 dudng kinh
2

2b thi C, =—%

Tir d6 ta dé& dang tim dudc cdc thanh phin luc mang quy chi€u cho v4 chiu tdi
trong 12 trong lugng ban thin vd véi g = g, + g7 nhu sau:
+ V4 khong 16:



68

2 2
n,‘=—&—&=—&(1+a2r2)=—£(1+—4r2j
da 8Ba 4o 4f a

2 2
n =—&——3glb =—&(1+3a2r2):—g”a (1+%r2J
Y 4a 8a 4o 4f a
n,,=0

+ V& ¢6 16 dudng kinh 2b, trén dinh: véi g, =2a’g, = Z%gb
2 4
nrz—& 1—b—2 ~& }’z—b—2
4a r 8a r
2 4
no=—Sb l+b—2 -5 3rz+b—2
" dal ) 8a r

n,, =0
Bai todn: Cho mdi vo paraboloid tron xoay l\l\m_ﬂgg’)ﬁrr
chiu tdi trong nhu hinh v& khio sit sy phan bd cia
cdc luc mang quy chi€u. Xdc dinh cdc ndi luc &
mang tdc dong trén mép vd. Cho: a=15m, f=5m,

20=80kg/m’, gy=200kg/m’ (vd day Scm)

2.2.5. Ly thuyé&t vé6 mang trong hé toa do tu nhién:

2.2.5.1. Ly thuyét chung doi vdi vé tron xoay:
Trong hé toa do tu nhién (hé toa do cau), khi xét d€n ndi luc clia mot vé tron xoay,
ngudi ta st dung cdc dic trung hinh hoc sau (hinh vé):
r — ban kinh dudng tron thi€t tuy&én nim ngang
¥ — ban kinh cong chinh theo phudng kinh tuyé&n
r,— bdn kinh cong chinh theo phuong vong tai diém khao sit.
Céc tdi trong mit (cudng dd trén 1 don vi dién tich mit cong) c¢é cdc thanh phan
vudng gbc nhau la:
px — theo phuodng vong
py— theo phuong kinh tuyén
p-— theo phudng phdp tuyén mit cong.



ON,
(N, + 3 “da)rde

theo phudng vong a

theo phuong ti€p tuyén

Nhu phuong phdp quen thudc, ta s& khdo sat sy cAn biing ctia 1 phan t8 v dudc tdch
ra bdi 2 mit phing kinh tuy&€n nghiéng véi nhau géc de va 2 mit phing vudng géc vdi kinh
tuy&n nghiéng vdi nhau géc da.

Mt phing kinh tuy&€n va mit phing vudng géc kinh tuyé&n 12 mit phing clia do cong
chinh (chita cdc dudng cong chinh) tai di€ém khdo sit. Ban kinh cong clia cic dudng cong
chinh nay chinh 12 7, va r, Con r 12 bdn kinh cong cia vong tron vi tuy€n nim ngang qua
di€m khio sit.

Phuong trinh can bing theo phudng vong 1a:

oN 0(N,,r)
—rdpdoa+————=dpda+N,,r,cosadpda + prr,dpda =0
op o
Theo phudng kinh tuyé&n:
ON,, o(N,r)

r,dpda—N,r, cosadpda +————dpda + p rr,dpda =0
op oa ’

Phuong trinh cAn bing theo phuong phép tuyé&n:
N, sinadpda + N, rdpda + p.rr,dpda =0
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r=r,sina

St dung cdac quan hé sau:
N,,=N,,

thi c4dc phuong trinh cin bing trén dugc dua vé dang:

ON, 8(Na¢r)
r, + +N,,r,cosa+prr, =0
op o
ONyy o(N,r) B
——r,—N,,cosa+———=+prr,=0 (2.18)
op v oa !
N,
_¢+£ :_pz
v,

(2.18) 1a hé phuong trinh can bing clia vé mang tron xoay trong hé toa do tu nhién.

Truong hop ddc biét: khi tdi trong va lién két ciing 1a ddi xdng truc, ldc ndy trang thdi
Gng suit clia vé khong phy thudc vao bi€n ¢ va N,,=0, ti trong p,=0. Cdc phudng trinh can
biing chi con 2 phuong trinh va c6 dang don gidn nhu duéi diy: (Phuong trinh ddu dong nhat
bing 0).

8(Nar)
—N,r, cosa+ +p,rr, =0
()
N
_9 + & + pz — O
v,
TU phuong trinh cudi clia (a), ta c6:
N,
N(p:—r(p[pz+NrJ: Dang khdc: —”’+&:—pz (b)
r, r,oor,

Thay N, theo (b) vao phudng trinh dau cia (a) r6i nhan 2 v€ vdi sina, rit gon lai, ta

d(Nar(p sin a)

=N, r,sinacosa + 7
(24

sina =-r,7,(p,sina+ p, cosa)sina
X N 1N K ki a2 Sl s s d 2 A .
Dé thay la v€ trdi cua phuong trinh nay 1a dao ham —(N 7, sin a) nén ta ratra:
d “r
d N rosinZa) = . .
E( 1, sinfa)=—rr (p,sina+p, cosa)sina

< o . 1 . .
T do, tacé: N, = —_—ZUrar(p (py sina+ p. COSa)SIn ado + C] (c)
r, SIN" &
Hing so tich phan C dugc x4c dinh tir di€u kién bién.
Truong hop tdi trong thdng ditng: cic phan lyc thing ding nim doc bién c6 thé bidu
dién theo céc lyc kinh tuy&€n N, nhu sau:
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2rzN,sina+G=0 G
trong d6 G la hgp luc L
cla tdi trong thing ding tic dung 1én
Vvo.

Tu d6 suy ra:
A
2rrsina 27rr¢8|n a

Sau d6, dé dang tim dudc luc

vf)ng theO (b)
]Va
N = —7 [Fz r J

2.2.5.2. Tdi trong:

Nhu da bi€t § trén, tdi trong tdc dung trén mit vé dugc
phan thanh 3 thanh phan theo 3 phuong 1a phudng vong, phudng
ti€p tuy&n va phuong phdp tuyén 1an lugt 1a p,, p, & p.. Va trong
trudng hdp tdi trong d6i xing truc thi ta c6: p,=0.

e Vi tdi trong bdn thdn: N&u ky hiéu g, 1a trong
lugng cda 1 don vi dién tich mit thi tir hinh v& bén dé dang thdy
céc thanh phan tdi trong trén sé 1a:

p.=0
p,=g,sina
p.=8,C05x

e Truong hop tdi trong duoc cho theo gid tri quy chiéu (trén 1 don vi dién tich
mit bing) (tdi trong tuyét hay dit dip). Néu goi p 14 gid tri quy chi€u theo phuong thing
ding (phuodng z) clia tdi trong (trén 1 don vi dién tich mét biing) thi tit hinh vé& duéi, ta ciing
s& dé thay gid tri cdc thanh phan theo cdc phuong vong, kinh tuyé&n, phuong

p.=0
p, = psinacosa

p.=pcos’ a
o Tiép tuyén vudng géc mdt vé cé gia tri khong ddi q (dp luc khi, gas, ...), khi

. px = p = 0 AN > e N . 2 . 2 DN 2, N A 2 7z
do: { g (dau (+) ng v4i trudng hgp khi tai trong c6 chieu hudng vao tdm vo = dp
p.=1q
Iuc nén)
o V6 chiu dp luc thiy tinh thi mdt vo chiu tai trong:

px = py = 0 2 N N A ~ 2
trong d6 h 1a chi€u cao cft chatlong
p.=rh

2.2.5.3. Ap dung va thi du:
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1) V6 nén: ti hinh vé bén ta c6:

r, =ycota
r=ycosa -
v, =00

trong d6 y l1a khodng cédch tir
dinh nén d&€n mit cit dang xét.
Vi tdi trong ban than, ta c6:
{ p. =gCosa

B

Thay ky hiéu N, bing N,, s& dung cdc cong thic da c6 § trén, ta co:
N,=N, = _L_
] 2rycosasina

trong d6: G, =27 COSaLy(py sina + p, Cos a)ydy =gy’mcosa : 1a hgp luc theo

phuong thing ditng clia tai trong tic dung trong phin vé dang xét.
Hay ciing c6 thé tinh G, mot cdc don gidn hon:

G, = j:(Zﬁrdy)g = j: 2wy Ccosagdy =27 g CoS aJ.Oy ydy = gy’ cosa

Viv: N = gircosa gy
T 2rycosasina  2sina

5 N N N
Valgcvongla: N, =-r, [pz +r—“] =—r1,p, =—p,yCota =—gyCosa cota
a
Tit bi€u thic N,, N, d& thdy cdc lyc mang c6 gid tri ti 1& v6i khodng cdch y, dén dinh
non.
2) Vo cdu:

Dé thay rdng, v6i vo ciu r, +7, = R: bdn kinh
mit trung gian vé. Xét vé cau chiu trong lugng ban
than cudng do g (trén 1 don vi dién tich mit).Vay doc
theo vong tron vi tuyén xdc dinh bdi géc o, ta c6 céc
tdi trong thanh phan: p, =0,p =gsina,p, =gcosa .

Luc mang theo phuong kinh tuyén N, dudc xdc dinh tir sy cAn bing ctia phan chdm
cau dugc tach ra bdi mit cit x4c dinh bdi géc a (nhu & phin 1) da néi).
G G, . .
Ny=—— e -__"a (vizr=r,sina)
27r,8in® a 2rrsina

Dién tich bé mit phan chdm clu:  F, =27Rf =27R*(1-cosa)

Nén dé thdy la: G, =gF,=2rR’g(1-cosa)
27R*g(1—cosa 1-cos R
Vay: N, =- g(- ):_ — agR:_g—
2rrsSina sin“ 1+cosa

Bi€t N,, ta d& dang tim dugc lyc mang theo phuong vong N, tit biéu thic da c6:

N N
Nﬁ—”g{pﬁ r’j=—R(pz+ rr}—sz—Na
R
N¢=—RgCOSa+g—=—Rg cosqg ——
1+cosa 1+cosa



Su bi€n thién cda cdc lyc mang N, va N, dugc minh hoa nhu trén hinh v&. Hinh thit 3
Vs

2

1a ddi v6i trudng hgp o, =

2.2.6. Vo6 tron xoay chiu tdi trong gié:

2.2.6.1. Phuong phdp chung:

Noi lvc mang trong v4 tron xoay chiu tii trong gié vé nguyén tic 12 hoan toan c6 thé
tim dugc tir cdc phuong trinh va phuong phdp di néu & cdc phin trén. Tuy nhién, viéc thuc
hién tdi trong mdt cach chit ché thudng gip nhiéu khé khin vé todn hoc, vi thé, @€ don gidn,
tly thudc vao hinh dang mét vo ma ngudi ta st dung phudng phdap don gidn va hi€u qua sau:

Né€u tdi trong ban than, tdi trong dit dip, ... dugc xem 1a tdi trong ddi xitng va giy ra
hé noi luc mang cling d6i xng trong trudng hop vo tron xoay (cd hinh dang va lién két) thi
ngudc lai, véi tdi trong gié — nhu da biét trong cdc quy pham tinh — thi cdc gid tri tdi trong
phu thudc vao huéng gié, dd cao di€m khio sat va luat phan bd hit — ddy kha phic tap. Tuy
nhién, cdc bai todn c6 thé dn gidn nhiéu néu trong trudng hgp v4 tron xoay, ta xem tai trong
gi6 1a tai trong vuéng géc mat vo, phan xing va c¢6 cudng do:

p.=p(a)cosp (a)
trong bi€u nay, e p(«) bi€u thi tdi trong bi€n thién phy thudc vao do cao cia
di€m khao sit theo phuong kinh tuyén: p(a) =n,Sina (ng: gid tri cho trong quy pham)
e cosa bi€u thi 4nh hudng clia huéng gi6é ddi vdi di€ém khio sat
(1dy theo phuong vong). Vi tri tuong ng gia tri goc ¢=0 la tuong ng vSi hudng gid.
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Duéi tic dung ctGa tdi trong
phan xing nay, hé ndi luvc mang ciing
12 phdn xttng va cu thé: trén 1 mit cit
ngang bat ky x4c dinh bdi géc « (thi
cdc lyc mang c6 luat phidn b (doc
phuong vong):

Na = Nao COoS @
N, =N, cosp (b)
N,,=N,,sing

§ day, Nu, Ny la gid tri cac
lyc mang N, va N, tai cdc vi tri tuong
ung gbéc ¢=0, tdc vi tri tuong dng vdi
hudng gid.

Con N 1 gid
tri Ivc Ny, 16n nhdt trong mit cdt va
tuwong ng vi tri ¢)=900 (hinh vé).

Xét cAn bing phin vé dugc
tdch ra tir bdi mit cit ngang (hinh vé)
v6i cdc dic trung hinh hoc nhu hinh
\H

Doc theo mit cit c6 cdc luc
mang N, va N,

N,rdy cosa,

Nao

apl

Goi F,1a hop lyc clia cdc luc phdp N, trén mit cit. Do tinh chat phdn xting, F, vudng
gbc vdi truc d6i xiing clia v va c6 di€m dit ngang tai dinh ctia hinh nén ngoai ti€p phin v

dang xét tai mit cit dang khio sit.

Va dé thdy mot vi phan cla hgp luc F, la:
dF, =(N,rdpcosa)cosp =rN, cosa cos pdg

St dung (b), ta c6: dF,, = rN,, COS COS* pdg

Vay hgp luc F,la:
Fa = s -
toan mat cat

F,=nrN,,cosa

2z 2 2z 2
dr, = J'O ¥N,, COSa COS” pdp =rN ,, COS O’J.o cos” pd g

¢k <k F, N N .2 N
Twr d6, n€u bi€t F, thi bi€t dudc N, = % — va thay vao (b), ta dugc bi€u thirc tim

lyc mang phap Ny

F
N,=——5—cosg
7recosa

7T CoOSsSax

(c)

Tuong tu: n€u goi Fgy, 12 hgp luc ti€p Ny, trén mit cdt ngang vo thi d€ thdy 12 F,
cling vudng géc truc d6i xing va ndm trong mit phing mit cit (vi cac luc N, cling thudc mit

cit ngang do).

Va:dr,, = (Nwrdgo)sin @=rN,,sinpdp

Vi theo (b), trén mat citnay: N,, =N, ,sing nén dF,, =rN,, sin® pdo

Va hdp luc F,, c6 gid tri:

ap a

2z . 9
F —IO N ,,0SIN" pdp =

al

N,

ap0

2z 2
IO sin“@dp =7rN,,,
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Tuong ty trén, néu bi€t Fy, thi ta tim dugc Nygg, va sit dung (b) ta s& c6 bi€u thic tim
luc ti€p Ny, nhut sau:
N = Fay sing (d)
“ nr
e V§i ngoai luc, goi F 1a hop luc clia tdi trong gi6 tic dung 1én phin vé dudc tich ra
(phin trén mit cit ngang dang khao s4t). Ciing do tinh phin xting clia tai trong gio, lyc F nay
phdi vudng gbc véi truc d6i xitng va c¢6 do 16n, vi tri di€m dat phu thudc vao ludt phan bo
clia tai trong va hinh dang cta vd. Cdc dai lugng nay hoan toan tinh dugc trong cdc trudng
hgp cu thé.
e Ciing dé thdy ring, n€u bit vi trf di€m dit (di€m A) va do 16n clia hop lyc F thi dé
tinh dugc cdc gia tri ', va Fg, TU hinh vE, ta c6:
F = F}kﬂ va F_= Fh—”‘
“ h “@ h
Thay vao cac biéu thiic (c) va (d) & trén ta dugc:

hmp
=——2C0SQ
wrcosa h (2.19)

a

CFh .
ap ——73”']@

r
Con lyc phdp N, tim t phudng trinh thi 3 cla (2.18) (phudng trinh cin bing theo
phuong phdp tuyén):

Na
N¢=—@£n+7fJ (2.20)

a
trong d6: n 1a thanh phan vudng géc mit vé clia tai trong gi6 va c6 cudng do:
n=n,Sin CoSa (e)
npla cuong do tai trong gio tai vi tri tng véi =0

2.2.6.2. Vé cdu chiu tdi trong gié:
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V6i nhan xét ring: tdi
trong gi6 vudng gbéc v4i mit

ciu trén toan mit va déu cb
phuong tic dung huéng vao tim
vd, do vy, vi tri diém dit cla
hdp luc F v6i moi mit cit
ngang khdo sit déu 1a tim vd
cau (hinh v&).

Tu hinh V&, ta ciing thdy

ring:
h,, = Rcosa
R
h,=—— ®
cosa

h=Rtanasina

Tinh gid tri hop luc tdi
trong gi6 F trén phin vd tich 810
r0i: trén mot vi phan dién tich
mit vé ¢6 do 16n (rdp.Rda) tai
trong gié tic dung luc vudng
géoc mit vd vGi  gid i
n(rdp.Rda).

Va thanh phin nim ngang theo phudng gi6 thdi (tuong ¥ng phuong ¢=0) ciia v4 la:

dF =n(rdpRda)sin a cos ¢

Thay gié tri cudng do n theo (e) vao, ta co:

dF = n,sin® acos’® pRdard g
Va vi r=Rsinanén: dF =n,R*sin® a cos’ pdadg
Thuyc hién tich phan tim F:

a?r a

F= I .[ dF = noszSin3 adaJ.OZH cos’ pdg
00 0

2
Tacéd: F = 7R

2-3cosa +cos® o
( )

N€u chd ¥ ring: trong trudng hgp ndy F, va Fy, ¢6 ddu ngugc lai nén cdc lyc mang
¢6 biéu thirc xdc dinh theo (2.19) va (2.20) la:

RC0S
N, =—u(2—3005a+0053a)005¢
3sin“ o
nyR 3 .
=————(2-3cosa+cos” asin
@ 35in3a( ) 4
N =ﬂ(2008a—35in2a—ZCOS“a)COSgD
? 3sinta

Bai todn: Xéc dinh cdc ndi lyc mang phét sinh trong vé nén (lién két gbi
tua doc bién) chiu tdc dung clia tdi trong gié c¢6 thanh phian phdp tuyén véi vo
la: n=n,sin, cose
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2.3. Vo chiu udn:
VO TRU TRON THANG PUNG CHIU UON BOI TAI TRONG POI XUNG TRUC

2.3.1. Phuong trinh vi phan téng quat:
Xét v6 try tron (hinh v&) chiu tii trong thiy tinh: Tx
p=7(I—x). Khdo sit sy cin bang cia mot phan t6 v6 =

(hinh v&). Céc noi luc tdc dung 1én phin td nay gdbm:
N: lyc vong
O: luc cit theo phuong ban kinh.
M: momen udn (Quy u6c: M>0 thi lam thé
trong bi kéo)
Do tinh chdt d6i xtng truc, ndi lvc khdng phu \
thudc bi€n géc ¢ va 0,~0

B4 qua trong Iugng ban than v4, phuong trinh hinh chi€u 1én phuong ban kinh la:

dORdp + Ndopdx — pdxdp =0 (2.21)
Phuong trinh momen ddi véi dudng thing ti€p tuyén, bd qua cic VCB bic cao, ta cé:

(Odx—dM ) Rdp=0 (2.22)
Chia cd 2 v€ ctia (2.21) cho Rdgdx, ta c6:

dx R

Con tir (2.22), ta c6: am =0
dx

Thay vao phuong trinh trén, ta nhin dudc:

d’M N
4+ —— = 2.23
dx* R P ( )
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Dé thay ring, do luc
kéo vong N, vo bi kéo din theo
phuong vong va cé xu hudng
nd ra (hinh v&). Bi€n dang day
tuong doi theo phuong vong la:

e =X
" hE

—
R

Mit khédc, cdc di€m trén mit vd c6 chuyén vi theo phuong ban kinh 14 w va dé thay
ring: A’B'=(R+w)dqo=R(l+g¢,)dg0

Ciing c6 thé thay:
. - AB'-A4AB (R+w)dp—Rdp w

v AB Rdo R
Hay: w=¢ R
Vé:w:ﬂ: NZh—EW (2.24)
hE R

4 . , . A 2 g EERS 1 ~ P .z .
Do c6 chuyén vi theo phuong bdn kinh w, do cong vo bi€n doi tir z dén gid gia tri

1

R+w
nay rdtnhd vi R w va do vay ta c6 thé bd qua trong tinh todn cho don gin.
Con theo phuong dudng sinh vé, nhu da biét trong stic bén 1a giita dd cong va chuyén
vi ton tai lién hé sau:
1 d*w
KX = — = 2
Yol dx

. Do d6 ma trén vé xuat hién momen udn M, theo phudng vong. Tuy nhién, momen

Con giita dd cong vd momen udn thi ¢6 quan hé:
2
dw

dx?

M =-Dk, =D

(2.25)

3
trong d6 D 1a dd cing tru cia vé: D = LZ
12(1-v*)
Thay (2.24), (2.25) vao (2.23), ta c6:
d*w hE P
—4+ T W
dx R°D D
b;h =4,°
R°D

biat:

Ny R —12(1_V2):>/1 3(1-v")
-, KE RN R

Va phuong trinh vi phin cip 4 trén ¢6 dang:
4
dw  aptw=L (2.26)

dx D
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Piy 1a phuong trinh vi phin chd dao clia vo tru tron thing ding chiu tdi trong doi
xung truc.

Tl né, sau khi tim dugc w ta tim dugc cdc ndi luc thinh phan nhu sau:

Eh
Lyc kéo vong: N=—w
R
2
Momen udn: M = d VZV
dx
, d*w
Luc cat: =D
. 0 I

2.3.2. Tim nghiém tdng quat:

Nghiém t8ng quét clia phuong trinh vi phan cAp 4 khong thuan nhat (2.26):
w=w,+w
trong do, Wo 12 nghiém tdng quit ctia phuong trinh thudn nhat tuong @ng.

wla nghiém riéng clia phuong trinh khong thuan nhat da cho.
e Nghié¢m riéng ciia phuong trinh khong thudn nhadt (v_v) (2.26) phu thudc tdi trong

ngodi p va thudng ngudi ta 18y 1 nghiém riéng nay tir bai todn phi momen tudng @ng.
Truong hop vé chiu dp luc thiiy

X
tinh (hinh vé): D& thidy ring luc vong f T e
cia vé mang tudng Ung la: |
N=Rp zRy(L—x)

p=1(I=x) \
Viy chuyén vi theo phuong bin
kinh la:

i
Il |
— L p_DMR_RYy

I
=—= L—x
R=mr = (L) // \\\\

_ 2

R& rang: W:R 7(L—x) (2.27) H%WTU 0 ISR
h . . dx >~ &
Lam (2.26) tr§ thanh dong nhit ~
va 1a 1 nghiém tiéng cla phuong trinh

. )
- R R _
khong thuan nha't (2.26).

\
e Nghiém tdng qudt ciia phuong trinh thudn nhdt (w,)
d*w

 42'w=0

X

(2.28)
C6 dang: w, =e™ (C,cos Ax +C, sin Ax)+e ** (C, cos Ax + C, sin Ax)

(2.29)
trong d6: C;, C», Cs, C4 12 cdc hiing s6 tich phan dugc xdc dinh dwa vao cdc
diéu kién bién.

Chii ¥ ring: Vi ™ —>wkhix—>o, md w=w,+w I3 hitu han nén ta phai c6
C,=C,=0.

Tuy nhién, trong thyc ti€n tdi trong, khi AL >6 thi ngudi ta da 14y C,=C, =0. Khi
do6, vo duge xem la vd cao va ldc nay:
w=w+e ™ (C;cos Ax+C, sin Ax)
Con khi v6 thap (AL <6) thi ngudi ta vin k€ t6i 4 hiing s6 tich phan nay, tic:
w=w+e™ (C,cos Ax+C, sin Ax)+e ™ (C, cos Ax + C, sin Ax) (2.30)
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o V6 tru cao (AL >6) ngam bién dugi:
2

w:v_v+w0:IEZ(L—x)+e_“(CSCOS/Ix+C4Sin/1x) (2.31)
chuyén vi: w=0
St dung cic diéu kién bién: taix=0: dw _,taco:
gbc xoay: — =0
X
R? R?
w =—yL+C,=0 C,=——yL
T T = En”
dw R’ - R’ R’yL 1
— =——r-4(C-C,)=0 C4:_Z+C3—_ z ( __j
dx|_, Eh Eh A Eh AL
Céc thanh phan noi luc sé 1a:
N=E—hw=7/R (L-x)—Le™ Cosﬂx+[1—ijsin Ax
R AL
d’w 2 —ax .
M =D——=D2A%e "[C, cos Ax—C, sin Ax]
dx (2.32)

:2R2/127L£e’“ 1-—L ) cos x —sin Ax
Eh AL

3
0=D ‘2 id 2R2/13;/L%e” [—(cos Ax—sin Ax) —(1—%)(005 Ax—sin ﬂx)}

3 =
X

h H*

- ol
. A

1) 4

TN s

o V6 tru thip (AL <6) ngam bién dugi:

W= w+w, = IEZ(L—x)+e“(C1 cos Ax+C, sin Ax)+e ™ (C; cos Ax +C, sin Ax)

St dung cic diéu kién bién d€ xdc dinh cdc hiing sd tich phan C;, C,, Cs, C,.
chuyén vi: w=0
+ Tai bién dudi (x=0): dw
géc xoay: I =0
x

d*w

M=D—=0
+ Bién tu do: (x=L): dix
w

=D =0
© dx®
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Vay: AL=0,972.16=15,55>6 = V4 la cao = st dung cdc biéu thitc ndi luc (2.32)
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+ Trudng hgp vé chi c6 chiéu cao L=4m
Vay: AL=0,972.4=3,89>6 = V4 Ia thap. Tir c4c diéu kién bién ta xdc dinh
dugc céc hiing s§ tich phin C;, Cy, Cs, Cy. Bi€u dd ndi lyc ¢6 dang:

h=03m
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